VON NEUMANN ALGEBRAS 


ADRIAN IOANA 


These are lecture notes from a topics graduate class taught at UCSD in Winter 2019. 


1. REVIEW OF FUNCTIONAL ANALYSIS 


In this section we state the results that we will need from functional analysis. All of these are 
stated and proved in |Fo99| Chapters 4-7]. 


Convention. All vector spaces considered below are over C. 


1.1. Normed vector spaces. 


Definition 1.1. A normed vector space is a vector space X over C together with a map 
|| - || : X — [0,00) which is a norm, i.e., it satisfies that 


e |lz+yll < |l2|| + llyl], for al x,y € X, 
e |jaz|| = |a| ||z||, for all z € X anda € C, and 
e |z| =0 & x= 0, for all x € X. 


Definition 1.2. Let X be a normed vector space. 


(1) A map y: X > C is called a linear functional if it satisfies p(ax + By) = ay(x) + By(y), 
for alla,@ € C and z,y € X. A linear functional y : X —> C is called bounded if 
lell = SUPļz<1 |p(£)| < oo. The dual of X, denoted X*, is the normed vector space of 
all bounded linear functionals y : X —> C. 

(2) A map T : X > X is called linear if it satisfies T(ax+ By) = aT(x)+6T(y), for all a, 8 € C 
and x,y € X. A linear map T : X > X is called bounded if ||T|| := supļjjæj<1 |[T'(x)|| < 0. 
A linear bounded map T is usually called a linear bounded operator, or simply a bounded 
operator. We denote by B(X) the normed vector space of all bounded operators T : X > X. 


Definition 1.3. A Banach space is a normed vector space X which is complete in the norm 
metric: any Cauchy sequence {£p} (i.e., such that liMm,n>oo ||Em — zn|| = 0) is convergent (i.e., 
there exists x € X such that limpo ||Zn, — z|| = 0). 


Examples 1.4. (of Banach spaces): 


e C”, for n > 1, with the Euclidean norm ||(x1,...,%n)|| = V2? +... + 72, 
e L(Y), for any measure space (Y, u) and 1 < p < o, with the L?-norm: 
Ifl = (S IFIP, if p is finite, 
P \inf{a > 0||f(y)| < a, for p-almost every y € Y}, if p = oo. 
(Zier FP)”, if p is finite, 
sup;ez |f (i)], if p = 00. 
e C(X) = {f : X —> C | f continuous}, for any compact Hausdorff topological space X, with 
the supremum norm || f|| = supzex | f(x)|- 


e /?(I), for any set I and 1 < p < oo, with the @?-norm: || f|, = 
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e B(X)={f:X > C | f bounded Borel}, for any compact Hausdorff topological space X, 
with the supremum norm || f|| = supzcx |f (£). 

e The dual X* of any normed vector space X. 
(Recall that L?(Y)* = L4(Y) and #(I)* = (I), if 1 < p < œ and 1/p + 1/q = 1.) 

e B(X), for any Banach space X. 


Definition 1.5. A Hilbert space H is a Banach space whose norm comes from a scalar product, 
i.e., there exists a scalar product (-,-): H x H > C such that ||z|| = y (z, 2), for all x € H. 


Examples 1.6. (of Hilbert spaces): 


e C”, forn > 1, with the Euclidean scalar product ((#1,...,2n), (Y1, 3 Yn)) = T11 +- +EnYn. 

e L7(Y), for any measure space (Y, p), with the scalar product (f, g) = f fg. 

e (I), for any set I, with the scalar product (f,9) = je, f(g(0). 

e Recall that every Hilbert space H has an orthonormal basis, i.e., a set {€}ie7 such that 
(£i j) = dij, for all i,j € I, and € = J .-7(€,&)&, for all € € H. This fact implies that 
every Hilbert space H is isomorphic to (I), for some set T. 


1.2. Linear functionals. 


Theorem 1.7 (Hahn-Banach). Let X be a normed vector space, Y C X a subspace, andy: Y > C 
a linear functional such that |y(x)| < ||a||, for alla € Y. Then there exists p E€ X* such that 
|P(x)| < |x|], for all x € X, and py = ọ. 

Definition 1.8. Let X be a normed vector space. The weak* topology on X* is the topology 
of pointwise convergence: y; > ọ iff y;(x) > y(x), for all z € X. The weak topology on X is 
given by zi > x iff (zi) > p(x), for all y € X*. 

Theorem 1.9 (Alaoglu). The closed unit ball of X*, B := {p € X* | ||p|| < 1}, is compact in the 
weak* topology. 


Proof. Put Dz = {z € C | |z| < ||z||} for x € X. Then P := ] J ex Dz is compact by Tychonoff’s 
theorem. Define 0 : B > P by letting (p) = (y(x))zex. Then y; > ¢ is the weak* topology 
iff 0(yi) > 0(p) in the product topology. Thus, in order to show that B is compact in the weak* 
topology (equivalently, that every net (y;) € B has a weak* convergent subnet) it suffices to prove 
that 0(B) is compact in the product topology. As it can be easily seen that 6(B) is closed, and 
thus compact, in the product topology, the conclusion follows. a 


Theorem 1.10. Let H be a Hilbert space. If p € H*, then there exists y € H such that 

p(x) = (x,y), forallxe H. 
Proof. Let K = {x € H | p(x) = 0}. Since y is bounded, K is a closed subspace of H. If 
K = H, then y = 0 and y = 0 works. If K is a proper subspace of H, we can find z € H such 


that z L K and ||z|| = 1 (see |F099| Theorem 5.24]). Since y(y(z)- x — y(x) - z) = 0, we have 
plz)-x— ọlx)-z € K, hence (y(z)- x, z) = (p(x) - z, z}, thus y(x) = (x, y(z)z), for all z € H. E 


Definition 1.11. Let X be a compact Hausdorff topological space. A Borel measure on X is 
a measure defined on the o-algebra Bx of all Borel subsets of X. A finite Borel measure u on X 
is called regular if u(A) = inf{a(U) | U D A open} = sup{u(K) | K C A compact}, for every 
Borel set A C X. A complex Borel regular measure on X is a map pw: Bx —> C of the form 
u = (pı — u2) + i(u3 — u4), where j11,..., p4 are finite Borel regular measures on X. 


Theorem 1.12 (Riesz’s Representation Theorem). Let X be a compact Hausdorff topological space. 
If p € C(X)*, then there exists a complex Borel regular measure u on X such that y(f) = f f du. 
Moreover, we have that ||y|| = ||ul| := sup{};- lu(4:)| | {Ai }#_, Borel partition of X}. 
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Theorem 1.13 (Stone-Weierstrass). Let X be a compact Hausdorff topological space. Let A be a 
closed subalgebra of C(X) such that 


e Íx E€ A, E 
e if f € A then f EA, and 
e A separates points: for all x Æ y € X, there is f € A such that f(x) # f(y). 


Then A=C(X). 


1.3. The adjoint operation and topologies on B(H). Let H be a Hilbert space. 


Exercise 1.14. Let T € B(H). Prove that there exists a unique T* € B(H), called the adjoint of 
T, such that (Tg, y) = (x,T*y), for all x,y € H. Prove that ||T*]| = ||T|| and ||T*7|| = IT|? 


Definition 1.15. An operator T € B(H) is called: 


self-adjoint (or, hermitian) if T* = T, 

a projection if T = T* = T?, 

a unitary if T*T = TT* = Idy, 

an isometry if |/7x|| = ||x||, for all x € H, or equivalently T*T = Idy, 
normal if T*T = TT*, 

compact if the closure of {T (x) | ||xz|| < 1} in H is compact. 


Remark 1.16. The set of unitary operators T € B(H) is group which is denoted by U (H). 


Exercise 1.17. Let T € B(H) be a projection. Prove that there exists a closed subspace K C H 
such that T is the orthogonal projection onto K (see |Fo99\ page 177, Exercise 58]). 


Definition 1.18. There are three topologies on B(H) that we will consider: 


e the norm topology: T; > T iff |T; — T|| — 0. 
e the strong operator topology (SOT): T; > T iff ||T;(€) — T()|| > 0, for all € € H. 
e the weak operator topology (WOT): T; > T iff (Ti(€),7) > (T (£), n), for all £n € H. 


Exercise 1.19. Let (T;)icz C B(H) be a net such that T; ~ T (WOT), for some T € B(H). 


(1) Assume that (J7;);e7 and T are projections. Prove that T; > T (SOT). 
(2) Assume that (T;)er and T are unitaries. Prove that T; > T (SOT). 


Exercise 1.20. Assume that H is infinite dimensional (<=> any orthonormal basis of H is infinite). 


(1) Given an example of a net of projections (T;)icr converging in the WOT but not the SOT. 
(2) Given an example of a net of unitaries (T;);e7 converging in the WOT but not the SOT. 


Exercise 1.21. Prove that the closed unit ball of B(H), B := {T € B(A) | ||T|| < 1}, is compact 
in the WOT. 
T WOT 


Proposition 1.22. If C C B(H) is a conver set, then Ter 


The proof of Proposition relies on the following lemma: 


Lemma 1.23. IfC C H is a convex set, then the weak and norm closures of C are equal. 


Proof. By Theorem the weak topology on H is given by: €; > € weakly iff (&;,7) > (&,7), 


weak 


for all n € H. Denote D = roa It is clear that D C C . To prove the reverse inclusion, let 


EE TYF. Since D is a norm closed and convex subset of the Hilbert space H, we can find no € D 
such that ||€ — no|| = infyep IE — n|| (see [F099| page 177, Exercise 58]). Let 7 € C. Then the 
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function [0,1] > t > |/€ — (1 — tno — tnl]? = ||(€—0) — t(n — no) ||? has a minimum at t = 0, hence its 
derivative at t = 0 is positive. It follows that R(E— no, n— no) < 0, for all n € C. Finally, let n; € C 
be a net such that n; > € weakly. We get that R(E — no, E — no) < 0 and therefore £ = n € D. E 


Proof of Proposition Let y € oo. E&i,- én € H ande > 0. Then D = {(x&,..., En) |£ € 
C} is a convex subset of H” = H. Since (y€1, ..., YEn ) is in the weak closure of D, by Lemmaj1.23} 
it is also in the norm closure of D. Therefore, we can find a € C such that (37), ||zr&-yt:l| 2 < e. 


E ASOT o. : . Ę SOT _ SWOT 
This implies that y € O° Since the inclusion 0°’ c GN? 


also holds, we are done. a 


2. VON NEUMANN ALGEBRAS BASICS 


Definition 2.1. Let H be a Hilbert space. 


e A subalgebra A C B(H) is called a *-algebra if T* € A, for every T € A. 
e A x-subalgebra A C B(H) is called al] C*-algebra if it closed in the norm topology. 
e A x-subalgebra A C B(H) is called a von Neumann algebra if it is WOT-closed. 


Definition 2.2. A map m : A > B between two C*-algebras is a x-homomorphism if it is a 
homomorphism (7(a + b) = m(a) + 7(b), (ab) = n(a)n(b), m(Aa) = An(a), for all a,b E€ A, A E€ ©) 
and satisfies 7(a*) = 7(a)* for alla € A. A bijective *-homomorphism is called a *-isomorphism. 


Examples 2.3. (of C*-algebras and von Neumann algebras): 


(1) Any von Neumann algebra is a C*-algebra. 

(2) B(#) is a von Neumann algebra. 

(3) K(H), the algebra of compact operators on H, is a C*-algebra. 

(4) Let B c B(#) be a set such that T* € B, for every T € B. Then the commutant of B, 
defined as B’ = {T € B(H) | TS = ST, for every S € B} is a von Neumann algebra. 


Conversely, the next theorem shows that every von Neumann algebra arises this way. 


Theorem 2.4 (von Neumann’s bicommutant theorem). If M C B(#) is a unital *-subalgebra, 
then the following three conditions are equivalent: 


(1) M is WOT-closed. 
(2) M is SOT-closed. 
(3) M=M":=(M’Y. 


This is a beautiful result which asserts that for *-algebras, the analytic condition of being closed 
in the WOT is equivalent to the algebraic condition of being equal to their double commutant. 


Remark 2.5. Let S C B(H) be a *-set which contains the identity. By Theorem [2.4] S” is equal 
to the von Neumann algebra generated by S, i.e., the smallest von Neumann algebra containing S. 


Proof. It is clear that (3) = (1) > (2). To prove that (2) = (3), it suffices to show that if x € M”, 
€ >0, and &,...,€ € H, then there exists y E€ M such that ||x&; — y&;|| < €, for all i = 1,...,n. 


We start with the following claim. Let p be the orthogonal projection from H onto an M-invariant 
closed subspace K. Then p € M’. To see this, let x € M. Then (1 — p)ap€ € (1—p)(K) = {0}, for 
all € € H. Hence (1 — p)zp = 0 and so xp = pap. By taking adjoints, we get that px* = px*p and 
hence px = pzp, for all x € M. This shows that p commutes with x, as claimed. 


lStrictly speaking, this defines a C*algebra that is concrete, i.e., one which is represented concretely on a Hilbert 
space. We will later define what an abstract C*-algebra means and see that the two notions are equivalent. 
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Assume first that n = 1 and let p be the orthogonal projection onto Mé = {x&, | £x E€ M}. Since 
Mê is M-invariant, Claim 1 gives that p € M’. Thus zp = pz and so zé, = zpi = pxê& E€ Mé. 
Therefore, there is y € M such that ||x& — y&q|| < €. 


Now, for arbitrary n > 2, we use a “matrix trick”. Let H” = 6"_,H be the direct sum of n copies 
of H and identify B(H”) = M,,(B(#)). Let 7: M — B(H”) be the “diagonal” «*-representation 


a0... 0 
oe Oa... 0 
00... a 


Equivalently, 1(a)(& ® ... ® En) = a€1 @® «.. D an. 
Exercise 2.6. Prove that the following holds: r(M”) Cc Mn( M'Y and r(MY C M,(M’). 


Finally, if x € M”, then Exercise [2.6] gives that m(x) € 7(M)”". Let € = (€1,...,E.) € H”. By 
applying the case n = 1 we conclude that there is y E€ M such that ||m(ax)€ — m(y)€|| < ©. Since 
IIm(w)E — m(y)Ell? = Xin lle: — yEill?, we are done. m 


Definition 2.7. A Polish space is a topological space X which is metrizable, complete and 
separable. A measure space (X, /) is called a probability space if u(X) = 1. A probability space 
(X, p) is called standard if X is a Polish space and p is a Borel probability measure on X. 


Proposition 2.8. Let (X, u) be a standard probability space. Define m : L” (X, u) > B(L?(X, 1)) 
by letting ms(€) = fE, for all f € L®(X) and € € L*(X). Then t(L®(X)Y = r(L®(X)). 
Therefore, t(L®(X)) C B(L?(X)) is a maximal abelian von Neumann subalgebra. 


Proof. Let T € r(L®(X)y and put g = T(1). Then fg = msT(1) = Try(1) = T(f) and hence 
loll = ITP < ITI Ifl, for every f € L°(X). 


Let € > 0 and f = lizex]| igæ)>lT]|+e}; Then it is clear that ||fgll2 > (||T'||+e)||fll2- In combination 
with the last inequality, we get that (|T| + €)||fll2 < IITIIIIZIl2, and so f = 0, almost everywhere. 
Thus, we conclude that g € L® (X). Since T(f) = fg = m(f), for all f € L°(X), and L®(X) is 
||.||2-dense in L? (X), it follows that T = 7, € L®(X). a 


Exercise 2.9. Let I be a set. Define m : (I) > B(@(1)) by nlg) (i) = f(a)g(i), for all i € T, 
f € (I) and g € (I). Prove that m(€°(1))’ = r(€°(I)). (Therefore, 7(€°(I)) c B(@(1)) is a 


maximal abelian von Neumann subalgebra.) 


3. ABELIAN GROUP ALGEBRAS AND STANDARD PROBABILITY SPACES 


3.1. Group von Neumann algebras. Let T be a countable group. A unitary representation 
of T on a Hilbert space H is a group homomorphism 7 : T > U(H). Every countable group P has 
a canonical unitary representation À : T > U(€?(L)) called the left regular representation and 
defined by \(g) f(h) = f(g7th), for all g,h ET and f € @(L). 


Remark 3.1. Let 6, € (T) denote the Dirac mass at g € T given by ôg(h) = 5g,n. Then {5,}ger 
is an orthonormal basis of (T), and we have \(g)(6n) = Sgn, for all g,h ET. 


Let A = {) jer agX(9)| F CT finite, ag € C, for all g € F}. Then AC B((?([)) is a *-subalgebra 
which is isomorphic to the complex group algebra C[T]. 
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Definition 3.2. The reduced C*-algebra of I is defined as C% (T) := AM, 
The group von Neumann algebra of I is defined as L(T) := Ava. 


The structure of L(T) can be understood is a simpler way for abelian groups. Recall that the 
Pontryagin dual of a countable abelian group T, denoted by I, consists of all characters of T, 
i.e., homomorphisms h : T > T = {z € C | |z| = 1}. Then Î is a compact metrizable group, when 
endowed with the topology of pointwise convergence: h; > h iff hi(g) + h(g), for all g ET. Indeed, 
if we enumerate I = {gn }n>1, then d(h, h’) = X} 2-"\h(gn) — h'(gn)| is a compatible metric. 


n=1 


Proposition 3.3. Let T be a countable abelian group. Denote by u the Haar measure of Î. 
Then L(I) is *-isomorphic to L® (T, u), and C} (T) is x-isomorphic to C (T). 


Before proving Proposition [3.3] we establish the following useful fact (see also |Co99| Lemma 9.7]): 


Lemma 3.4. Let X be a topological space which is normal in the sense that any two disjoint closed 
sets have disjoint open neighborhoods. If f € B(X), then there exists a net fi E€ C(X) such that 
sup; || filloo < |lflloo and fy fi du —> fy f du, for every Borel regular probability measure p on X. 


Remark 3.5. Every compact Hausdorff space X is normal. 


Proof. Let f € B(X), m,...,Hn be regular Borel probability measures on X, and € > 0. Let 
Q1, -Qm E C and Aj,...., Am be disjoint Borel subsets of X such that || f — Yg- azla,|loo < €/2 
and |ax| < ||f|loo, for all k = 1,...,m. Since py,..., Hn are regular, we can find closed sets Fy C Ak 
and open sets Gk D A, such that (Gp \ Fk) < €/(4m|| fllo), for all k = 1,...,.m and i =1,...,n. 
Thus, if F = UT, Fk and G = UZ", Gk, then m(G \ F) < ¢/(Allflloo), for all i =1,...,n. 

Let Y := FU (X \ G) and define h : Y > C by letting h(x) = a, if x € Fy and h(x) =Oifx¢G. 
Then Y C X is closed, h € C(Y), and ||Alloo < ||flloo. Since X is normal, the Tietze Extension 
Theorem (see Theorem 4.16 and Corollary 4.17]) provides f € C(Y) such that || floc < || floc 
and fiy = h. Then it is clear that |f — 77", azla] < 2\| f|lool@\r, and thus we have that 


|f Fam- f F aul < 2 flcm(@\ P) + If- Yo ostas <= 


k=1 
Since £ > 0 and the probability measures 41, ..., Hn are arbitrary, it is easy to finish the proof. W 


Lemma 3.6. Let T° be a countable abelian group. If g ET \ {e}, then h(g) 41 for someheT. 


Proof. Enumerate F = {gn}nsi with gı = g. For any n, let Tn < T be the subgroup generated 
by {g1,.--,9n}. Since g Æ e, there is a character hı : Ty — T such that hi(g) 4 1. We prove by 
induction that there is a character hn : Ty, — T such that Anti, = hn, for all n > 1. Once this is 
done, it is clear how to define h. Thus, it suffices to show that a character hn of Tn extends to a 
character of [,,1. Indeed, let l be the smallest integer such that gf, +1 € In. Define hn+1(g9n+1) = 2, 
where z € T is such that z! = h,(g!, 41). Then hy+1 has the desired property. a 


Proof of Proposition|3.4 For g €T, let ĝ € L?(Î) be given by g(h) = h(g). If g €T \ {e}, Lemma 
[3.6] gives k’ €T such that h(g) 4 1. Then 


I ô(h) du(h) = [ g(h’h) dyu(h) = h'(g) f g(h) du(h), 


hence fp 9(h) du(h) = 0. Thus, the formula U(6,) = ĝ defines an isometry U : (T) > i): 
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We claim that U is onto, i.e., U is a unitary. Denote by B the linear span of {ĝ | g € T}. Since B 
separates points in Î, the e Weierstrass theorem implies that B is ||.||.-dense in C (Î). Since 
Î is a compact Hausdorff space, Lemma|3.4] immediately implies that C(Î) is ||.||2-dense in L?(I). 
By combining these two facts, we conclude that U is onto. 

Let m : L®(Î) > B(L?(Î)) be given as in ena oe Then it is clear that U\(g)U* = 14, for 
all g ET. If A denotes the linear span of {A(g) | g € I}, then UAU* = 7(B). Since m is isometric 
and the inclusions A C C*(T) and B c C(I) are norm dense, we get that UC*(T)U* = (C (Î)). 


We claim that 7(C(I)) is WOT-dense in r(L®(Î)). This will imply that UL(T)U* = 1(L™(T)), 
and finish the proof. To prove the claim, let f € L®(T). After changing f on a set of measure 


zero, we may assume that f E€ BI ). Since Î is a compact Hausdorff space, by applying Lemma 
[3.4] we can find a net fi € C(r ) such that fs fi ae => a f dp, for every regular Borel measure u 


on I’. Then for every £, n € L?(Î), we have (rp (€) = fe fi (ET) du fe f (ET) du = (7;(€),n). 
This shows that mf, —> mp in the WOT and oe our claim. a 


3.2. Standard probability spaces. We next prove that any non-atomic standard probability 
space is isomorphic to ([0, 1], A). More precisely, we have: 


Theorem 3.7. Let (X, u) be a standard probability space without atoms: u({x}) = 0, for every 
x EX. Denote by A be Lebesgue measure on [0,1]. Then there exist Borel sets Xo C X, Yo C [0,1] 
such that u(X \ Xo) = A([0,1] \ Yo) = 0, and a bijection 0 : Xo + Yo such that 0,07! are Borel 
maps and Qs = À (i.e. u(0~-!(A)) = A(A), for every Borel set A C Yo). 


As a corollary, n : L°([0, 1], A) > L® (X, u) given by r(f) = f 08 is a *-isomorphism. 
Remark 3.8. Theorem 3.7] holds in fact for Xo = X and Yo = (0, 1] (see [Ke95| Theorem 17.41]). 
Lemma 3.9. Let X be a Polish space. Then X is homeomorphic to a Gs subset of [0,1]N. Here, 


oe) 


[0, 1]§ is endowed with the complete separable metric d'((Yn)n, (Zn)n) = X] 27" 1Yn — znl: 


Proof. Let d be a complete separable metric on X such that d < 1. Let {£n} be a dense sequence 
in X in which every element is repeated infinitely many times. Define f : X —> [0,1] by letting 
f(x) = (d(x, £n))n. Then f is injective and continuous. Moreover, fr x) İS continuous. 


Indeed, let zë € X be a sequence such that f(a") — f(a), for some z € X. Then fim, d(x*, £n) = 


d(£, £n), for all n. Fix € > 0 and let n such that d(x, £n) < ¢/2. Then we can ee K such that 
d(x", £n) < €/2 and hence d(a*, x) < e, for all k > K. This implies that {v*} converges to z. 


Altogether, we conclude that X is homeomorphic to f(X). To show that f(X) is a Gs set, we 
denote Up := {y € [0, 1]§| 3x € X such that d'(y, f(x)) < Ae Then U, is open, for all p. Let V be 


the set of y = (yn)n € [0, 1] such that dom, Zn) S Ym + Yn, for all m,n > 1. Since we can write 

V = m,n, N1 {Y| Ym + Yn > dlm, £n) — +}, we get that V is a Gs sabes of [0,1]N. Also, let W 

be the set of y = (Yn)n € [0,1] such that liminf yn = 0. Since W = An,noi(Unsw{yl Yn < 4y), 
noo 


we get that W is a Gs subset of [0, 1]. 


We claim that f(X) = (QpsiUp) AV NW. Since the inclusion “ C ” is clear, we only need to prove 
the reverse inclusion. Let y = (Yn)n E€ (Nps1Up) IV OW. Since y € Np>1Up, there is a sequence 
xë € X such that jim, d'(f(x*), y) = 0. Thus, jim d(x", £n) = Yn, for all n. Since y € W, we can 


finda pubseqietice na of {yn} such that yn, < ci i for all i. Thus, for all i, we can find k; > 1 such 
that d(x, £n) < 27*. Since y € V, it follows that the sequence {2,,, } is Cauchy, hence convergent. 
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Let x = Jim £ni. Then we clearly get that lim z% = x and further that y = f(x) € f(X). This 
1—00 
shows iat F (X) is Gs and finishes the proof. a 


Proof of Theorem [3.7 Two Borel spaces X,Y are Borel isomorphic if there exists a bijection 
p: X — Y such that y and ~~! are Borel maps. Note that the dyadic expansion yields that [0, 1] 
is Borel isomorphic to {0,1}‘. This fact implies the following Borel space are Borel isomorphic: 
[o, 18 = ({0,1}8)8 = {0,1}8*N = {0,1} = [0,1]. By Lemma |3.9| X is Borel isomorphic to a 
Borel subset of [0,1]%. By combining the last two facts we get that X is Borel isomorphic to a 
Borel subset of [0,1]. We may therefore assume that X is a Borel subset of [0, 1]. 


Next, we extend p to a probability measure ji on [0,1] by letting f(A) = u(AN X), for every Borel 
set A C X. Define ¢: [0,1] > [0,1] by letting (2) = A([0,x]). Then ¢ is increasing, continuous 
(since u has not atoms), (0) = 0 and ¢(1) = 1. Let y € [0,1] and let x € [0,1] be the largest 
number such that (7) = y. Then we have that 

pCO, yl) = az € [0,1] (2) < yt) = A, 2]) = g(x) = y = A([0, y]). 
Since y € [0,1] is arbitrary, we derive that ¢,ji = À. 
Now, let Z be the set of y € [0,1] such that ¢~1({y}) is a non-degenerate interval. Let W = ¢71 (Z). 
Then Z is countable, thus (W) = A(Z) = 0. The restriction Y := jjo, w : [0,1] \ W = [0,1] \ Z 
is a Borel isomorphism such that Yñ = A (to see that ~~! is Borel, note that for every closed set 
F c [0,1] we have y(F \ W) = ¢(F) \ Z is Borel). 
Finally, let Xo = X \W, Yo = W(Xo), and 6 := yx, : Xo > Yo. Then @ satisfies the conclusion. W 


Corollary 3.10. [fT is a countable infinite abelian group, then L(I) is x-isomorphic to L®([0, 1], A). 


Proof. Let u denote the Haar measure of Ô. Since T is infinite, Î is infinite (e.g. because the Hilbert 
space L?(Î, p) is isomorphic to (T) and therefore is infinite dimensional). Since y({h}) = u({e}), 


for every h € Î, and u(T) = 1, we deduce that u has no atoms. The conclusion follows by combining 
Proposition and Thegter E 


Exercise 3.11. Let T be a finite abelian group and put n = |I|. Prove that L(T) is *-isomorphic 
to L ({1,2,... n}). 

4. ABELIAN C*-ALGEBRAS 
4.1. The spectrum and the spectral radius. We start this section by establishing that the 
spectrum of a bounded operator is non-empty and a formula for the spectral radius. 


Definition 4.1. A Banach algebra is an algebra A over C endowed with a norm ||.|| such that 
(A, ||.||) is a Banach space and ||xy|| < ||2|| ||y||, for all x,y € A. 


Lemma 4.2. Let A be a unital Banach a Ifa € A satisfies ||a|| < 1, then 1— a is invertible, 
-at =F zoa" and la — a) <a Ha gp: Moreover, if A € C and |A| > |lall, then A-1 —a is 
invertible and (A-1 — a)™t = XXa AT” 


Proof. Let £n = J g-o". For m > n, we have ||tm—2n|| < Wrens llall? < i. Since |/a|| < 1, 


we get that {xn} is a Cauchy sequence. Let x = lim zn. Then |x|] = lim ||z,|| < Since 
n— o0 n— o0 


1 
1—[al|* 
(1—a)tn = X gola" —ak*1) = 1—a”t!, we get that ||(1—a)z,—1|| < |a|”, for all n. It follows 
that (1 — a)x = 1, which finishes the proof of the first assertion. 


Since à: 1 — a = A(1 — 71a), the moreover assertion is immediate. a 
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Corollary 4.3. Let A be a unital Banach algebra. The set G of invertible elements of A is open 
and the map G > a a7! € G is continuous. 


Proof. Let a € G and b € A such that ||b—al| < FETT: ae ||1 — a™tb|| < |la~*]| lla — Bl] < å. 


Lemma |4.2| gives that bta = (a~'b)~! exists and ||b~!al] < ot = 2. Thus, we derive that b~t 
2 


exists and ||b7+]| < ||b-!al] ||a~+|| < 2l|a71]|. Finally, we have that b=} — a~! = bt (a — b)a! and 
therefore ||b~' — a~+]| < |]b~1]| Ila — b|| Ilat] < ljal? lja — b||. This proves the conclusion. a 


Definition 4.4. Let A be a unital Banach algebra. 


e The spectrum of a € A is given by o(a) = {A € C| A- 1 —a@ not invertible}. 
e The spectral radius of a € A is defined as r(a) = supyeg(a) |AI- 


Theorem 4.5. o(a) is a non-empty compact subset of C. 

Proof. By Corollary [4.3] ola) C {AEC | < |la||} and C \ o(a) is an open set. To show that 

o(a) #0, we define the resolvent R : C \ o(a) > A by letting R(A) = (A-1-—a)7!. 

Let ào € C \ o(a). Then R(A) — R(Ao) = —(A — Ao) R(A)R(Ao). Since R is continuous on R \ o(a), 

we get that dim A= 209) = —R(Xo)?. This shows that R is an analytic function, in the sense 
Ao 

that ġo R: C\o(a) > C is analytic, for every ¢ € A*. 

Now, by continuity of the inverse we get that fim |R(A)|| = jim [Al || — A-*a) || = 0. So, 

— 00 —0o 


if o(a) = , then 60 R : C > C is a bounded analytic function, for every ¢ € A*. By Liouville’s 
theorem we get that ġo R is constant, hence ¢(R(A)) = 0, for all A € C. Since this holds for every 
@ € A*, the Hahn-Banach theorem implies that R(X) = 0, for all A € C. This is a contradiction. W 


Theorem 4.6. r(a) = lim lla’|[n. 
noo 


Proof. The conclusion will follow from two inequalities. First, if \-1— a is not invertible, thus 
1 
A” -1 — a” is not invertible, hence |\"| < ||a”||, for all n. This proves that r(a) < lim inf lla” ||”. 
noo 


On the other hand, recall that R(A) = Xo A7" 1a”, whenever |A| > ||a||. Since R is analytic on 


n=0 


{A € C| |A| > r(a)}, the last series converges for |A| > r(a). In particular, lim AT” ta” = 0 and 
n—> oo 
therefore |A| > iar lla” ||, whenever |A| > r(a). This shows that r(a) > lim sup Ila" ||. a 
Noo 


Theorem 4.7 (Gelfand-Mazur). If A is a unital Banach algebra in which every non-zero element 
is invertible, then A= C-1. 


Proof. Assume that there is an element a € A\ C-1. Then à- 1-— a is invertible, for every À € C. 
Thus, o(a) is empty, which contradicts Theorem A 


Definition 4.8. Let A be a unital abelian Banach algebra. We let X(A) be the set of all non-zero 
homomorphisms y : A > C, and call it the maximal ideal space (or dual or spectrum) of A. 


Corollary 4.9. If I C A is maximal ideal, then there is p € X(A) such that I = ker(y). 


Proof. Recall that an ideal J C A is a vector subspace such that az € I, for alla € I and a € A. 


Let us first show that I is closed. Since I is a proper ideal, we get that ||1 — z|| < 1, for all x € I 
(otherwise, x would be invertible by Lemma|4.2) . This implies that 1 ¢ I, hence I is a proper ideal 
of A. Since I C I and J is a maximal ideal, we get that J = I. 
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Since J is a closed ideal, the quotient A/I is a Banach algebra, where ||a + J|| = infzez ||a + z|]. 
Moreover, if a € A\ J, then aA + J is an ideal of A which contains J. Hence, Aa + I = A and so 
we can find x € A,y € I such that az + y = 1. Thus, (a + I)(x +I) =1+T/ and therefore a + I 
is invertible in A/I. This shows that every non-zero element in A/I is invertible. Theorem 
implies that A/I = C- 1. Finally, the quotient homomorphism y : A > A/I satisfies ker(y) = J. E 


4.2. Abstract abelian C*-algebras. Recall that we defined a concrete C*-algebra to be a norm 
closed *-subalgebra A C B(H). 


Definition 4.10. An abstract C*-algebra is a Banach algebra (A, ||.||) together with an adjoint 
operation « : A > A such that 


(a +b)" = a* +0*, (Aa)* = ra*, (a*)* =a, (ab)* = b*a*, for all a,b € A and à € C, and 
\|a*al| = |la||?,_ for all a€ A. 


Remark 4.11. By Exercise |15.3| any concrete C*-algebra is an abstract C*-algebra. As we will 
note in the next section, the converse is also true. 


If X be a compact Hausdorff space, then C(X) is an abstract C*-algebra, where the norm and 
adjoint given by ||f|lo = supzex |f(x)| and f*(x) = f(a). The goal of this subsection is to prove 
that every abstract abelian C*-algebra arises this way. 


Lemma 4.12. Let A be a unital abelian C*-algebra. If p € U(A), then ||y|| = 1 and y(a*) = y(a), 
for alla € A. 


Proof. Since (1) = 1, we have that ||y|| > 1. We claim that ||y|| < 1. If ||y|| > 1, then we can find 
a € A such that |la|| < 1 and |p(a)| = 1. Let b = $>; a”. Then a+ ab = b and applying ¢ gives 
that 1 + y(b) = y(b), which is absurd. 


Next, let a € A be self-adjoint. Then for every t € R we have that 

|p(a + it)? < lla + itl? = ||(a + it)(a — ét)|| = la? + P| < lla? | +e. 
If we write p(a) = x + iy, then |y(a + it)|? = x? + (t + y)?. The above inequality rewrites as 
x? + 2ty < |la||?, for all t € R. This forces y = 0 and thus y(a) € R. 
Finally, let a € A be arbitrary and write a = b+ ic, where b,c € A are self-adjoint. Then we have 
that y(a*) = y(b") — ip(c*) = (b) — iv(c) = v(a). a 


Lemma 4.13. By Lemma|4.12| we have that &(A) C {py € A*| ||y|| = 1}. Then X(A) is a compact 
Hausdorff space with respect to the relative weak* topology. 


Proof. If pi : A— C is a net of homomorphisms such that y;(a) > (a), for every a € A, then yis a 
homomorphism. This shows that X(A) is weak*-closed. Since {y € A*| ||y|| = 1} is weak*-compact 
by Alaoglu’s theorem, the conclusion follows. E 


Theorem 4.14. Assume that A is a unital abelian C*-algebra. Then the Gelfand transform 
[T:A—C(X(A)) given by T(a)(p) = pla) is a x-isomorphism. 


Proof. Firslty, since T (a*)(p) = y(a*) = y(a) =T (a)(p) =T (a)(p), T is a x-homomorphism. 


Secondly, let a € A be self adjoint. Then ||I'(a)|| = suPppex(a) lY(a)| < lal]. Since a is self-adjoint, 
r(a) = |lal|. If A € o(a), then À- 1-— a is not invertible and is therefore contained in a maximal 
ideal of A. By Lemma [4.9] we can find y € X(A) such that y(A-1—a) = 0. Thus, » = g(a). 
It follows that ||P'(a)|| = sup,exca) |9(@)| > r(a) = |jal|. Altogether, we get that ||7(a)|| = lall, 
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whenever a € A is self-adjoint. Thus, ||7(a)||? = ||7(a)*x(a)|| = ||x(a*a)|| = |la*al] = lal]? and 


hence ||7(a)|| = ||a||, for every a € A. We have proven that T is an isometry. 
Finally, since 7 is an isometric *-homomorphism, r(A) is a closed subalgebra of C(%(A)) which 


contains 1 and is closed under complex conjugation. Since r(A) clearly separates points in X(A), 
the Stone-Weierstrass theorem implies that r(A) = C(X(A)). a 


5. CONTINUOUS FUNCTIONAL CALCULUS AND APPLICATIONS 


5.1. Continuous functional calculus. 


Theorem 5.1. Let a € A be a normal element. Denote by C*(a) the C*-algebra generated by a. 
Then there exists a *-isomorphism m : C*(a) + C(a(a)) such that r(a) = z. 


Proof. Since a is normal, A := C*(a) is an abelian C*-algebra. By Theorem |4.14| the Gelfand 
transform I : A + C(X(A)) is a «isomorphism. 

Let p : E(A) > o(a) be given by p(y) = y(a). Note that p is well defined since y(y(a)-1—a) = 0 and 
thus y(a)-1—a is not invertible. The proof of Theorem shows that p is also surjective. Moreover, 
p is injective. If yi(a) = yo(a), then yi (a*) = p2(a*) and therefore y;(P(a,a*)) = yo(P(a,a*)), 
for every polynomial P in a and a*. This implies that %1 = %2. Since p is continuous and X(A) is 
compact, we conclude that p is a homeomorphism. 

Then 7 : C(X(A)) > C(a(a)) given by T(f) = f o p7} is a +isomorphism. Finally, we define 
m:=70T:A-—C(o(a)). Then z is a *-isomorphism and (a) = z. a 
Corollary 5.2 (continuous functional calculus). In the notation from Theorem [5.1 we define 
f(a) := 1“ (f), for every f € C(o(a)). Then ||f(a)|| = |flloo and o(f(a)) = f(a(a)). 


Proof. Since the Gelfand transform T is isometric, m is isometric. This implies the first assertion. 
The second assertion is immediate since o(f(a)) = o(f) = f(o(a)). a 
In the rest of this section, we derive several consequences of continuous functional calculus. 


Definition 5.3. An element a of a C*-algebra A is called positive if a = a* and o(a) C [0, co). 


Exercise 5.4. Prove that an operator T € B(H) is positive if and only if (TE, £) > 0, for all € € H. 
Corollary 5.5. Let A be a C*-algebra anda € A. 


(1) If a is self-adjoint, then o(a) C R, |la|| — a is positive, and there exist unique positive 
elements b,c E€ A such that a = b — c and bc = cb = 0. 

(2) Ifa is a unitary, then o(a) CT. 

(3) If a is positive, then there exists a unique positive element b € A such that a = b?. 


Proof. (1) Let A = C*(a). If p € E(A), then y(a) = y(a*) = yla), hence y(a) € R. Since 
ola) C {y(a)|y E€ E(A)}, we get that o(a) CR. 


Since o(a) C R, we get that o(a) C [lal], lall]. Thus, o(|/a|]| — a) = |la|| — o(a) c [0, 2|ja||], and 
since ||a|| — a is self-adjoint, we deduce that it is positive. 


Let f,g € C(o(a)) be given by f(t) = max{t, 0} and g(t) = — min{t,0}. Put b = f(a) and c = g(a). 
Since f,g > 0, Corollary [5.5] implies that b,c > 0. Since f(t) — g(t) = t and fg = 0, we also get 
that b — c = a and bc = cb = 0. This proves the existence assertion. For the uniqueness part, just 
note that the C*-algebra generated by any such b,c is abelian, hence isomorphic to C'(X), for some 
compact Hausdorff space X. 
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(2) If p € 5(A), then |p(a)/? = Gayla) = yla*)y(a) = pla*a) = 1, hence |(a)| = 1. Since 
ola) C {y(a)|y E€ E(A)}, we get that o(a) C T. 

(3) Since o(a) C [0,00) we can define h € C(a(a)) by letting h(t) = Vt. Then b = h(a) is positive 
and b? = a. The uniqueness assertion follows as sketched in the proof of (1). a 


Exercise 5.6. If A is a C*-algebra, prove that every element a € A can be written as a linear 
combination of four unitary elements from A. 


5.2. The Gelfand-Naimark-Segal construction. 


Theorem 5.7 (Gelfand-Naimark-Segal). Every abstract C*-algebra is isometrically *-isomorphic 
to a concrete C*-algebra. 


For the proof of Theorem |5.7| see |Co99| Theorem 7.10]. Here, we will only emphasize the main 
tool in the proof of Theorem|5.7| the so-called Gelfand-Naimark-Segal (GNS) construction. 


Definition 5.8. Let A be a C*-algebra. A linear functional y : A — C is called positive if 
p(a*a) > 0, for alla € A. If A is unital, then a positive linear functional y : A — C is called a 
state if y(1) = 1. A positive linear functional y : A > C is called faifthul if y(a*a) =0 > a=0. 


Exercise 5.9. (the Cauchy-Schwarz inequality) Let A be a C*-algebra and y : A > C be a positive 
linear functional. Prove that |y(y*x)|? < y(a*x)p(y*y), for all x,y € A. 


Exercise 5.10. Let A be a unital C*-algebra and y : A > C be a positive linear functional. Prove 
that y is bounded and ||y|| = (1). 


Theorem 5.11 (the GNS construction). Let A be a unital C*-algebra and p : A > C be a state. 
Then there exist a Hilbert space Hy, a *-homomorphism Ty : A > B( Hy) and a unit vector £p € Hy 
such that pla) = (Ty(a)Ey, Ep), for alla € A. 


Proof. Let I = {x € A | y(x*x) = 0}. Then I is a closed left ideal of A. Indeed, I is closed since 
y is bounded. Moreover, if a € A and x € J, then ||a*a|| — a*a is positive by Corollary [5.5] (1) and 
thus can be written as ||a*a|| — a*a = b*b, for some b € A, by Corollary [5.5] (3). Since y is positive, 
we get that y(x*b*bx) > 0 and therefore 0 < y(x*a*ax) < |la*a||p(a*x) = 0, implying that ax € I. 


Consider the vector space A/I and for x,y € A, define (x + I,y +I) = p(y*x). Then (-,-) defines 
an inner product on A/I. Let H, to be the completion of A/I w.r.t. the norm defined by this 
inner product. If a,x € A, then by using the inequality proved above, we have 


lax +T? = (aa + Tax + I) = g(a*a*aa) < |lal|?p(a*x) = lall? e + I1’. 
Thus, if a € A, then the map my : A/I —> A/I defined by my(a)(x + I) = ax + I extends to a 


bounded operator on Hy satisfying ||7,(a)|| < |al]. It is easy to see that my : A > B(Hy) is a 
*-homomorphism, p = 1 + I € Hy is a unit vector and (7,(& ), £p) = (a), for all a € A. 


Remark 5.12. Let X be a compact Hausdorff space. Then C(X) is an abstract C*-algebra, where 
the norm and adjoint given by || f||.o = supzex |f(x)| and f*(x) = f(x). Let M(X) denote the set 
of regular Borel probability measures on X. By Riesz’s representation theorem, M(X) is equal to 
the positive part of the unital ball of C(X)*. Let H = Spem L? (X, u). The *-homomorphism 
nm: C(X) > B(H) given by multiplication, is isometric. This a concrete representation of C(X). 


For a general abstract C*-algebra A, one considers the set S(A) of all states y : A — C, and shows 
that the +-homomorphism 7 = ®yes(4)Ty : A > B(Gyesia) Hy) is isometric. 
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5.3. Continuity of *-homomorphisms. 


Lemma 5.13. Let 7: A — B be a *-homomorphism between two abstract C*-algebras. Then m is 
contractive: ||m(a)|| < llall, for alla € A. 


Proof. Let a € A be a self-adjoint element. Then ||a?|| = ||a*a|| = ||a||?. Since a?” is self-adjoint, 

we get that ||a2"""|| = |a?” ||2 and by induction it follows that ||a2"|| = |Jal|2", for all n > 1. Asa 

consequence r(a) = lim la?” |2 = |jal|. (If a is only assumed normal, then for all n > 1 we have 
n—> o0 

la?” |2 = a*a? || = |\(a*a)?" || = |Jal|2""'. We get that r(a) = ljal] in this case as well) 

Let a € A. If A- 1 — a*a invertible, then À -1 —7(a*a) is invertible, thus o(7(a*a)) C o(a*a). This 

fact implies that ||7(a)||? = ||7(a*a)|| = r(a(a*a)) < r(a*a) = ||a*al| = |Jal|?, hence 7 is contractive. 


Corollary 5.14. Any injective x-homomorphism m : A — B between two C*-algebras is an isome- 
try. 


Proof. Let a € A be a self-adjoint element. Consider the inclusion i : o(m(a)) > c(a) and the 
*-homomorphism p : C(a((a)) + C(o(a(a))) given by p(f) = f oi. Let Ty : C*(a) + C(a(a)) and 
To : C*(r(a)) > C(o(r(a))) be the Gelfand transforms. Then p(x) = Ty! o r o T1(£), for every 
x € C*(a). Since 7 is injective, we get that p is injective. This implies that o(7(a)) = o(a), hence 
||7(a)|| = r(a(a)) = r(a) = |la||. It is now clear that 7 is an isometry. 


5.4. Kaplansky’s density theorem. 


Theorem 5.15 (Kaplansky’s density theorem). Let M C B(H) be a unital von Neumann algebra. 
Let AC M be a C*-subalgebra such that AOT — M. Then the following hold: 


(1) aS Mı, where A, = {a € A| |la|] < 1}. 
(2) Aisa ta My, sa; where Aj,sa = {a = A| llall <1 and a* = a}. 
(3) Asa = Msa, where Asa = {a € A| a* =a}. 


Proof. (3) Let x € Msa and x; € A such that z; —> x (SOT). Then zž > x* = x (WOT) and 


therefore 4(x; + x*) + x (WOT). By using Lemma we derive that z € Aa O7 = Au 


2 
(2) Let f : R > [-1,1] be given by f(t) = Iž. Then g = fij-1,] is a homeomorphism of [—1, 1]. 
Let g = (f1) : 1, 1] > [-1, 1]. 


Let x E€ Mı sa and put y = g(x) € Mi sa. Then f(y) = x. By part (1), there exists a net y; € Asa 
such that y; > y (SOT). We claim that f(y;) > f(y) = x (SOT). Since x; = f(yi) € Aisa (by 


continuous functional calculus) this claim implies that x € Aa , as desired. 


To prove the claim, note that 


F) — Fy) = uil H yT yl yT = Tu Hy?) - 20 Haa Ha = 
(1+4? 2(yi — y) + 2yily — yiu) + y?) t. 
Let € € H and put 7 = (1 + y’)~1(€). Then 
IE) — EOIS Aui — D 2AA + yT MG — y) nN 


which implies that ||(f(y:) — f(y))(€)|| > 0, as claimed. 
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(1) We use a “matrix trick”. Consider the inclusions M2(A) C Ma(M) C Mo(B(H)) = B(H?). Let 
be . Then & € Mo(M)j.5a. Since MA) = M,(A°?") = Mp(M), 


by applying part (2) we can find a net y; E€ M2(A)i,sa such that y; + Z (SOT). 


Write yi = (up sa where ues € A. Let € € H. Since eae = Yj (8 > F o) L re) 


; 0 
we get that yiz > © (SOT). Since |lyi2(S)Il < Ilys | ¢ J Il < lyell ISI] < ISI], we get that |[yiall < 1 


x € Mı and define ¢ = 


— -SOT ; 
Therefore, x € A, , as claimed. | 


6. THE SPECTRAL THEOREM 


Let A C B(H) be a concrete abelian C*-algebra (e.g. take A to be the C*-algebra generated by 
a normal operator). Then A is “abstractly” *-isomorphic to C(X), where X is the maximal ideal 
space of A. This result, although very useful, does not explain how A acts on H. In this section 
we prove the so-called spectral theorem which gives a description of all *-representations of C(™). 


Remark 6.1. Assume © = {21,...,%n} is finite (equivalently, C > is finite dimensional) and let 7 : 
C(x) + B(H) be a *-homomorphism. Then e; = m(1y,,1), i = 1,...,n, are Coann projections. 


For all f € C(X), we have that m(f) = n(Ņ i1 (2i) Le) = Dini F rijei = “ fa f de”. 


Notation. Let £X be a compact Hausdorff space. We denote by Q the o-algebra of Borel subsets 
of © and by B(X) the algebra of bounded Borel functions f : © —> C. 


Theorem 6.2 (the spectral theorem). Let 7 : C(©) > B(A) be a *-representation. Then there 
exists a unique regular spectral measure E : Q — B(H) such that 


af) = ei dE, for every f E€ CŒ). 


Definition 6.3. A projection-valued spectral measure for (©,{) is a map E : Q + B(#) that 
satisfies the following conditions: 


(1) E(A) is a projection, for every A E€ Q. 

(2) E(@) =0 and E(x) = 

(3) E(AiN Ag) = E(A1)E(Ag), for every Ay, Ag E Q. 

(4) E(UX An) = Xp E(An), in the SOT, for any pairwise disjoint sets {A,}°2, from Q. 


Example 6.4. Let u be a Borel probability measure on ©. Let m : LO (£, u) > B(L?(, 11) be the 
*-homomorphism given by 7¢(€) = fE. Then E(A) = mı, defines a spectral measure. 


Lemma 6.5. Let E : Q — B(H) be a spectral measure. If €,n € H, then Eg,(A) = (E(A)(€), n) 
defines a complex-valued measure on Q with ||Een|| < IEI linll. 


Proof. It is clear that Eg ņ is a complex-valued measure on Q. To prove the total variation assertion, 
let Aj,..., An be pairwise disjoint sets. Let a; E€ T such that |E¢,(Aji)| = aie (Ai). Then we 
have that Sy" [Esl] = (Sy u EAE, n) < |X a ElA DEl] lin]. Since we also have that 


I} aBa El? = X (E(A:)E, & = (EUR AIDES < IE?, 


i=1 
we conclude that T |Een(4)| < IEI [In|], as desired. a 


Definition 6.6. A spectral measure F is called regular if Eg n is regular, for every €, € H. 
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Lemma 6.7. Let E : Q — B(H) be a spectral measure. Then for every f E€ B(X), there exists 
an operator n(f) € B(H) such that ||7(f)|| < ||flloo and (a(f)E,n) = isa dEn, for all £, € H. 
Moreover, the map 7 : B(X) > B(H) is a x-homomorphism. 


Proof. Firstly, let f € B(X). Since the map H x H > (€,n) > fs f dEgn is sesquilinear and 
satisfies | Jy f dEen| < [IflloollZenll < [lflloclléllimll, the existence of m(f) is a consequence of 
Riesz’s representation theorem. 

Secondly, let A € Q. Then (r(1a)é,n) = fa ladEen = Een(A) = (E(X)é, n) and therefore 
m(1a) = E(A). We get that m(1la,na,) = m(la;)r(l1a,), for every A1, Ag € Q, and further that 
w(fife) = m(fi)a(f2), for any simple functions f1, fo E€ B(X). Since ||7(f)|| < ||flloo, for every 
f € B(X), by approximating bounded Borel functions with simple functions, we conclude that 7 is 
multiplicative. It follows that a is a x-homomorphism. | 


Before proving the spectral theorem, we need one additional result. 


Lemma 6.8. Let 7: C(%) > B(H) be a *-homomorphism. Then there exists a *-homomorphism 
T: B(X) = B(H) such that TeS) =T. 


Moreover, if f € B(%) and fi € B(X) is a net such that fy fi du —> Jy f du, for every regular Borel 
measure u on X, then (fi) —> Tf) in the WOT. 


Proof. Let £,n € H. Note that C(£) > f — (a(f)&,7) € C is a linear functional such that 
KDED) < r(A WEN Iinl] < WAIL EIl [|]. Riesz’s representation theorem implies that there 
exists a regular complex Borel measure pg, on X such that fy, f due, = (7(f)E, n), for all f € C(%), 
and ||uenll < |El linl]. Note that Hén = Hn,g, so the map (€,7) > Hen is sesquilinear. 


Next, let f € B(£). Repeating the argument from the proof of rome shows that there exists 


an operator (f) € B(H) such that ||7(f)|| < ||flloo and (7(f)E,n) = Js f dhem, for all £n € H. 
It is clear that 7(f) = m(f), if f € C(%), so the last assertion is verified. 


It is easy to see that 7 is linear and *-preserving, so it remains to argue that 7 is multiplicative. 
To this end, let f € B(X) and g € C(X). By Lemma [3.4] we can find a net f; € C(X) such that 
Il filloo < Ifl for all i, and fy fi du + J, f du, for every regular Borel measure u on X. Since 
én is a regular Borel measure it follows that (a(fi)&,7) = Jy fi duem > Jy f duem = (FCE n), 
for all £,7 € H. Thus, a(f;) > (f) in the WOT. Similarly, a(fig) > 7#(fg) in the WOT. Since 
w(fig) = (fi)(g), for all i, we deduce that 7(fg) = 7#(f)7(g), for all f € B(X) and g E€ C(X). 


Finally, let f,g € B(X). By approximating g with continuous functions as above and using the last 
identity, it follows similarly that 7(fg) = a(f)a(g). Thus, 7 is multiplicative. 


For the moreover assertion, let f, fi € B(X) as in the hypothesis. Then for every €,7 € H we have 
that (@(faé.n) = fo fi dhen > Inf dhen = (TFE, n). Therefore, (fi) > #(f) inthe WOT. E 
Proof of Theorem |6.% By Lemma [6.8] m extends to a *-homomorphism 7 : B(X) > B(H). We 
define E : Q > B(H) by letting E(A) = 7(1a). We claim that E is a spectral measure. 
Firstly, since 14 = Iq = 1a, by applying 7 we get that H(A)? = E(A)* = E(A), hence E(A) is a 
projection. Secondly, since 7(0) = 0 and 7(1) = 1, we get that E(@) = 0 and E(£) = 1. Thirdly, if 
Ay, Ag E Q, then 14, 1a, = la,na, and applying 7 yields that E(A,)E(A2g) = E(A1 N Ag). 
Finally, let {A,,}921 be a sequence of pairwise disjoint Borel subsets of ©. Put Xy = U*_,A, and 
X = UX Ay. Then jim p(X \ Xk) = 0, for every Borel measure u on X. The moreover part 
00 
of Lemma |6.8} gives that E(X \ Xk) = 7(1x\x,) > 0 in the WOT. If € € H, then we have that 
E(X \ X,)€]? = (E(X \ Xz )E,€) — 0, which shows that E(X \ X;) > 0 in the SOT. Hence 
E(X) > E(X) in the SOT. Since E(X;) = $; E(An), the claim is proven. 


n=1 
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If €n € H, then Ee,(A) = pen. Since pe, is a Borel regular measure by construction (see the 
proof of Lemma 6.8), we get that E is a regular. Thus, E is a regular spectral measure. 


Further, by oe : B(X) > B(#) given by p(f) = J, f dE is a homomorphism. Then 
p(la) = fs la dE = E(A) = 71a), for every A € Q. It follows that p(f) = 7(f), for every simple 
function f € B(X). Since simple functions are dense in B(X) and both p,7 are contractive, we 
get that p = 7. In particular, (f) = fy, f dE, for every f € C(%). This finishes the proof of the 
existence assertion. 


It remains to argue that E is unique. Assume that F’ is a regular spectral measure such that 
m(f) = fo f dE’, for every f € C(X). Let f € B(X). By Lemma|3.4] we can find a net f; € C(X) 
such that || filloo < ||flloo, for all i, and fy fi du > J, f du, for every regular Borel measure p. 
The moreover part of Lemma gives that m(f;) > a(f) in the WOT. Since we also have that 
Js fi dE" > J. f dE" in the WOT, we conclude that (f) = fp f dE’. Therefore, if A € Q, by 
letting f = la we get that E(A) = #(1a) = fo 1a dE’ = F'(A). a 


7. BOREL FUNCTIONAL CALCULUS 


7.1. Borel functional calculus. 


Theorem 7.1 (Borel functional calculus). Let a € B(H) be a normal operator and Q the o-algebra 
of Borel subsets of o(a). Then there exists a regular spectral measure E : Q — B(H) such that 


a= f z dE 
o(a) 


For every f € B(o(a)), define f(a) := Soca f (2) dE. Then the map B(o(a)) > f > f(a) € B(A) 
is a *-homomorphism. Moreover, if fi € B(a(a)) is a net of functions such that Saa fi du > 0, 


for every Borel regular measure u on o(a), then fi(a) > 0 in the WOT. 


Proof. By Theorem [5.1] there exists a homomorphism r : C(a(a)) > B(H) such that a(z) = a. 
The conclusion now follows directly from the spectral theorem |6.2 


Corollary 7.2. Let M C B(H) be a von Neumann algebra. 


(1) Ifa € M is normal, then f(a) € M, for every f € B(a(a)). 
(2) M is equal to the norm closure of the linear span of its projections. 


Proof. (1) Let f € B(o(a)). Let fi E€ C(o(a)) be a net such that || filo < ||flloo, for all i, and 
Sota) fidu > Jas f du, for every regular Borel measure u on o(a). By Theorem|?.1] we have that 


fila) —> f(a) in the WOT. Since f;(a) € C*(a) C M, we conclude that f(a) € M. 


(2) If a € M, then we can write a = b+ ic ,where b,c € M are self-adjoint. So it suffices to show 
that any self-adjoint a € M is belongs to the norm closure of the linear span of projections of M. 
To this end, let € > 0 and write a = Saa z dE. Then we can find a1,...,@n € R and Borel sets 
A1,- An C o(a) such that ||z— X; aila, llo < €. It follows that ||a — X; aila; (a)|| < £. Since 
the projections 1,,(a) belong to M by part (1), we are done. E 


Exercise 7.3. Let M C B(H) be a von Neumann algebra and a € M with a > 0. Prove that there 
exist projections {Pn }n>1 such that a = |lal| Xp] 27"pn. 


Exercise 7.4. Let a € B(H) be a positive operator. Prove that a is compact if and only if the 
projection 1j- œ)(4) is finite dimensional, for every € > 0. 


VON NEUMANN ALGEBRAS 17 


7.2. Polar decomposition. 


Definition 7.5. An operator v € B(H) is called a partial isometry if ||v(&)|| = ||€||, for all 
€ € (kerv)+. In this case, (kerv)+ is called the initial space of v and the range ran(v) = vH is 
called the final space of v. 


Theorem 7.6 (polar decomposition). If a € B(H), then there exists a unique partial isometry 


v € B(A) with initial space (ker a)+ and final space ran(a) such that a = vļ|a|, where |a| = (a*a)3 
is the absolute value of a. 


Proof. If € € H, then |la€||? = (a£, a£) = (a*a, €) = (\al?é,é) = || |alé||?.. Then the formula 
v(jal€é) = a defines a unitary operator v : ran(|a|) > ran(a). We extend v to H by letting 
v(n) = 0, for all 7 € (ran(|a|)+. Then v is a partial isometry such that v|a| = a. By definition the 


final space of v is ran(a), while the initial space of v is ran(|a|) = (ker |a|)+ = (ker a)+ (the second 
equality follows from the first line of the proof). The uniqueness of v is obvious. a 


Exercise 7.7. Let M C B(H) bea von Neumann algebra and a E€ M. Let v be the partial isometry 
provided by Theorem [7.6] Define l(a) to be the projection onto ran(a) (the right support of a) 
and r(a) to be the projection onto (kera)+ (the left support of a). 


(1) Prove that v € M. (Hint: prove that v commutes with every unitary element z € M’ and 
use the bicommutant theorem to deduce that v € M.) 
(2) Prove that l(a) = vv* and r(a) = v*v. Deduce that I(a),r(a) € M. 


Exercise 7.8. Let H be a separable Hilbert space. Assume that a € B(H) is an operator that is 
not compact. Prove that there exist x,y € B(H) such that ray = 1. 


Exercise 7.9. Let H be a separable Hilbert space. Prove that any closed two-sided ideal I c B(H) 
is equal to {0}, K(H) or B(H). 


8. ABELIAN VON NEUMANN ALGEBRAS 


Definition 8.1. Let M C B(H) be a von Neumann algebra. A vector £ € H is cyclic if ME = H. 


Remark 8.2. Let (X, u) be a standard probability space. Then 1 € L?(X) is a cyclic vector for 
the abelian von Neumann algebra L® (X) C B(L?(X)). 


Theorem 8.3. Let M C B(H) be an abelian von Neumann algebra which admits a cyclic vector 
éc H. Then there exist a compact Hausdorff space X, a regular Borel measure u on X, and a 
unitary operator U : L?(X) —> H such that M =UL®(X)U*. Moreover, if H is separable, then X 
is a compact metrizable space. 


Proof. Let A C M be an SOT-dense C*-subalgebra (to prove the moreover assertion, we will make 
a specific choice for A). Let X = X(A) be the maximal ideal space of A and 7: C(X) > A C B(H) 
be the inverse of the Gelfand transform (see Theorem |5.1). By the Spectral Theorem there 
exists a regular spectral measure Æ on X such that (f) = fy f dE, for every f € C(X). 


Then p(A) = (E(A)E, £) defines a Borel regular measure on X such that fy f du = (n(f)E, £), for 
every f € C(X). Thus, for every f € C(X) we get that 


IPEN? = (AE, MAE) = (VT )E €) = (PE €) = f If? du, 


hence ||7(f)€|| = ||fllz2(x)- As t(C(X)) = A is SOT-dense in M, we get that {m(f)é|f € C(X)} is 
dense in ME = H. Also, Lemma|3.4] implies that C(X) is dense in L?(X). 
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The last three facts allow us to define a unitary operator U : L?(X) > H by letting 
U(f) =a(f)&, for all f € C(X). 


Now, let p : L®(X) — B(L?(X)) be the *-homomorphism given by p¢(n) = fn. Then for every 
f,g € C(X) we have that Up;(g) = U(f9) = mfg) = m(f)r(g)é = m(f)U(g)- Since C(X) is 
dense in L*(X) we deduce that Ups = x(f)U and therefore 1(f) = Up,U%, for all f € C(X). 
From this we get that 7(C(X)) = Up(C(X))U*. Since by Lemma [3.4 p(C(X)) is WOT-dense in 
L®(X), we conclude that M = UL™(X)U*. 


To prove the moreover assertion, assume that H is separable. Then (B(H),;, WOT) is a compact 
metrizable space (see Exercise and hence (Mı, WOT) is a compact metrizable space. Let 
{zn} C Mı be a WOT-dense sequence. Define A to be the C*-algebra generated by {£n}. Then 
A is SOT-dense in M. Moreover, X = (A) is metrizable. Indeed, one can define a compatible 
metric by letting d(Y, y’) = XZ axly(an) — ¢'(an)|, for every y, p’ € o( A). a 


Theorem 8.4. Let H be a separable Hilbert space and M C B(H) be an abelian von Neumann 
algebra. Then M is *-isomorphic to L® (X, u), where X is a compact metric space and p is a Borel 
regular measure on X. 


Proof. By Zorn’s lemma, there exists a maximal family {€;};e7 of unit vectors in H such that 
Mé; L M6&;, for alli A j. Then H = @je;M§;. To see this, let € € (@ierME,)+. Then for 
all z,y € M,i € I we have (xé, yĉi) = (£,2*yé;) = 0. Thus ME L M6&, for all i € I, and 
the maximality of the family {€;};e7; implies that € = 0. Also, since H is separable, J must be 
countable. We reindex the family by {&,} and define € = $`, 27” én. 


We claim that € is separating for M. To prove this, let x € M with xé = 0. Then 5°, 2°-"2&, = 0 
and since zén E MEn, we deduce that zén = 0, for all n. Now, if y € M, then since M is abelian 
we get that x(y&,) = y(z&,) = 0. Thus, £n = 0, for all n E€ ME, and every n. Therefore, zn = 0, 
for all n € H, implying that x = 0. 


Now, denote by p the orthogonal projection from H onto K := ME. Claim 1 from the proof of 
Theorem [2.4] gives that p € M’. Consequently, for all x € M, we can see xp as an operator on K. 
We define a *-homomorphism 7 : M —> B(K) by letting (a) = xp, for every x E€ M. Let us show 
that m is injective. If zp = 0, then r€ = zp = 0 and since € is separating, it follows that x = 0. 


Next, we claim that m(M) is a von Neumann algebra. Let M be the closure of 7(M) in the 
WOT. Since 7 is injective, by Lemma [5.14] we get that m is isometric. This implies that m(M) is 
a C*-algebra and (7(M)); = 7(M)). Since m is WOT-continuous and (M); is WOT-compact, we 
derive that (7(M))1 is WOT-compact. On the other hand, since 7(M) is a C*-algebra, Kaplansky’s 
density theorem|5.15] gives that (m(M))ı is WOT-dense in (M)ı. The last two facts together imply 
that (7(M)); = (M)1. Hence, r(M) = M is a von Neumann algebra. 

Finally, since 7(M)E = Mpt = ME = K, we get that £ is a cyclic vector for 7(M) C B(K). 
Theorem implies that m(M) is *-isomorphic to L®(X, u), for a compact metrizable space X 
and a regular Borel measure u on X. Since 7(M) is *-isomorphic to M, we are done. | 


Definition 8.5. A projection p of a von Neumann algebra M is called minimal if every projection 
q E M such that 0 < q < p satisfies q € {0,p}. A von Neumann algebra M is called diffuse if any 
minimal projection is equal to 0. 


Corollary 8.6. Let H be a separable Hilbert space and M C B(H) be a diffuse abelian von Neumann 
algebra. Then M is *-isomorphic to L ([0, 1], A). 
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Proof. By Theorem|8.4| M is *-isomorphic to L® (X), where (X, u) is a standard probability space. 
Since M is diffuse, (X, u) has no atoms: if u({x}) > 0, for some x € X, then 1,,,; E€ L°(X) isa 
non-zero minimal projection. Theorem [3.7] thus implies the conclusion. a 


Exercise 8.7. Let M be a von Neumann algebra and p € M be a projection. Prove that p is 
minimal if and only if pMp = Cp := {ap | a € C}. 


Exercise 8.8. Let M C B(H) be a diffuse von Neumann algebra. Let A C M be an abelian von 
Neumann subalgebra which is maximal abelian, i.e., satisfies A'AM = A. Prove that A is diffuse. 


9. DECOMPOSITION INTO TYPES FOR VON NEUMANN ALGEBRAS 


Starting in this section, we explore further the general theory of von Neumann algebras. Recall 
that any von Neumann algebras is generated by its projections (see Corollary |7.2). It is therefore 
important to understand better how these projections “interact”. 


9.1. Projections. For a von Neumann algebra M we denote by P(M) the set of its projections 
and by U(M) the group of its unitaries. 


Definition 9.1. Let {p;}icer E€ B(H) be a family of projections. We denote by 


e V_,pi the smallest projection p € B(H) such that p > p;, for all i € I (equivalently, the 
orthogonal projection onto the closure of the linear span of {p;H|i € I}). 

e NicrPi the largest projection p € B(H) such that p < p;, for all i € I (equivalently, the 
orthogonal projection onto NyerpiH. 


Proposition 9.2. If pi € P(M), for alli € I, then Vc, Pi, Nier Pi € M. 


Proof. A projection p € B(H) belongs M if and only if p commutes with every x € M’ and if and 
only if pH is invariant under every x € M’ (see the bicommutant theorem and its proof). | 


Definition 9.3. Let M C B(H) be a unital von Neumann algebra. 


Z(M) = M A M' is called the center of M. 

M is called a factor if Z(M) =C-1. 

a projection p € P(M) is central if p € Z(M). 

the central support of p € P(M) is the smallest projection z(p) € Z(M) such that 
p < 2(p). 


Lemma 9.4. z(p) is the orthogonal projection onto MpH. 


Proof. Let z be the orthogonal projection onto MpH. Since pH C MpH, we have that p < z. Since 
MpH is both M and M’ invariant, we get that p € M'N (M'Y = Z(M). Finally, since p = z(p)p 
we have MpH = Mz(p)pH = z(p)MpH C z(p)H and hence z < z(p). Altogether, z = z(p). a 


Exercise 9.5. Prove that 2(p) = V yeas) UU’: 


Proposition 9.6. Let M C B(H) be a von Neumann algebra. Let p € P(M) and p' € P(M'). We 
denote pMp = {pxp|x € M} and Mp! = {zp'|x E€ M} and view them as algebras of operators on 
the Hilbert spaces pH and p'H, respectively. Then we have the following: 


(1) Mp' C B(p'H) is a von Neumann algebra and (Mp'Y = p'M'p'. 
(2) pMp C B(pH) is a von Neumann algebra and (pMp)' = M'p. 
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Proof. Since (2) clearly implies (1), we only prove (2). To prove (2), note that M’p C (pMp)'. For 
the converse inclusion, let u € (pMp)' be a unitary. 


Claim. There exists ŭ € M’ such that u = up (hence u € M’'p). 


Let 71,...,% E M and &,...,€, E pH. Since u* rtu = uřpzjťz;pu = p£} Tip, we have that 


n n n n n 
| ol SS hit) = Spe 6)) =| 5 eel? = || Sell? 
i=1 ij=1 ij=1 i=1 i=1 


Define ŭ& : H > H by t(€) = X; wiu&, for € = J; zié; € MpH, and ŭ(£) = 0, for € € MpH. 
Then @ is a partial isometry whose left and right supports are equal to z = z(p). Clearly, ip = u. 
To see that ŭ € M’, note that M = Mz@M(1-z). Ify € M(1—z), then ty = yi = 0. If y € Mz, 
then ŭy(xé) = u(yxp) = yru = yii(x&), for all x € M and € € pH, hence J = yt. Since every 
operator in (pMp} is a linear combination of 4 unitaries, the claim implies that (Mp)! C M'p. This 
completes the proof of the equality (Mpy = M'p. To see that pMp is a von Neumann algebra, let 
x € (pMp)". If y € M’, then py = yp E€ M'p C (pMp)’ and thus ry = x(py) = (py)x = y(px) = yx. 
Hence x € (M'Y = M and so x € pMp. a 


Corollary 9.7. Z(Mp') = Z(M)p and Z(pMp) = Z(M)p. 


9.2. Equivalence of projections. 


Definition 9.8. Two projections p,q € M are equivalent (p ~ q) if there exists a partial isometry 
v E€ M such that p = v*v and q = vv*. We say that p is dominated by q (and write p < q) if 
p ~ q, for some projection q! E€ M with q' < q. 


Exercise 9.9. Prove the following: 


(1) Tf p ~ q, then z(p) = 2(q). 
(2) If p ~q via partial isometry v, then the map pMp 3 x > vzv* € qMq is a *-isomorphism. 
(3) If {pi }ier, {qi }icr are families of mutually orthogonal projections and p; ~ qi, for all i € J, 


then J jer Pi ~ Vier G- 
(4) If p ~q and z € M is a central projection, then zp ~ zq. 


Lemma 9.10. Let M be a von Neumann algebra and p,q E P(M). TFAE: 


(1) pMq F {0}. 
(2) there exist non-zero projections pı,qı E M such that pı < p, qı S q and pı ~ qı. 


(3) 2(p)2(q) # 0. 
Proof. (1) = (2) Let x € M such that y = prq # 0. Then 0 4 pı = ly) < p,OAGM=r(y) <q 
and pı ~ qı (see Exercise (7-7). 
(2) > (1) 
(1) = (3) If z(p)z(q) = 0, then prq = pz(p)x2z(q)q = pxz(p)z(q)q = 0, for all x € M. 
(3) = (1) If pMq = {0}, then p(xq&) = 0, for all € € H. Since z(q) is the orthogonal projection 


onto MqH, we get that pz(q) = 0 and thus p < 1 — z(q). From this we get that z(q) < 1 — z(p), 
hence z(p)z(q) = 0. a 


=> Ifv € M is such that py = vv* and q = v*v, then 0 4 v = pug € pMq. 
=> 


Theorem 9.11 (the comparison theorem). If p,q E€ P(M), then there exists a projection z € Z(M) 
such that pz < qz and q(1 — z) < p(1 — z). 
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Proof. By Zorn’s lemma, there exist maximal families of mutually orthogonal projections {pi tier, {qi}ier 
such that pj < p,q; S q and p; ~ qi, for all i € J. Put pı = Doe; Pi, and m = J jez 4i- Then 
pı ~ qı. Also, let pp = p — pı and q2 = q — qı. 


Since p2, q2 do not have equivalent non-zero subprojections, Lemma|9.10}implies that z(p2)z(q2) = 0. 
Thus, if we let z = z(q2), then poz = 0 and q2(1 — z) = 0. The conclusion now follows since 


pz = X iz + poz = Siz RS X az < S > giz + G22 =qz 


icI il al icI 
and similarly q(1 — z) < p(1 — 2). E 
Corollary 9.12. If M is a factor and p,q E€ P(M), then p <q org <p. 


9.3. Classification into types. 
Definition 9.13. A projection p € M is called: 


(1) abelian if pMp is abelian. 
(2) finite if whenever q € M is a projection such that q < p and q ~ p, then q = p. 


Remark 9.14. Every abelian projection is finite. Also, a subprojection of an abelian (resp. finite) 
projection is abelian (resp. finite). 


Definition 9.15. A unital von Neumann algebra M C B(#) is called 


e finite if 1 € M is finite. 

e of type I if any non-zero central projection contains a non-zero abelian subprojection. 

e of type II if it has no abelian projections and any non-zero central projection contains a 
non-zero finite subprojection. 

of type III if it contains no non-zero finite projection. 

of type Ign if it is of type J and finite. 

of type I, if it is of type J and not finite. 

of type IT, if it is of type IJ and finite. 

of type II if it is of type IJ and not finite. 


Remark 9.16. M is finite iff any isometry is a unitary, i.e., v*v = 1 > vv* = 1. 


Exercise 9.17. Prove that B(#) is finite if and only if H is finite dimensional. 


Exercise 9.18. Let M be a von Neumann algebra and p € P(M). 


(1) Prove that if p € M is abelian, then Mz(p) is of type I. 
(2) Prove that if p € M is finite, then Mz(p) is semifinite: every non-zero central projection q 
of Mz(p) contains a non-zero finite subprojection. 


Theorem 9.19. Let M C B(H) be a von Neumann algebra. Then there exist unique central 
projections 21,...,25 E€ Z(M) with yy zi = 1 and Mz, Mz, Mz3, Mz4, Mz5 are von Neumann 
algebras of the type Tfin, Loo, 1, Hoo, IH, respectively. 


For a proof see |Co99| Theorem 48.16] or the next exercise. 


Exercise 9.20. Let p,q,r € Z(M) be the maximal projections such that Mp is of type I, Mq 
is of type IT, and r is finite projection. Define z1 = pr, z2 = p(1 — r), 23 = qr, 24 = q(1—1) and 
z5 =1—(p+q). Use Exercise to prove that z1,..,25 satisfy the conclusion of Theorem 
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9.4. von Neumann algebras of type I. 


Definition 9.21. Let M C B(H) and N C B(K) be von Neumann algebras. For x € M,y € N we 
define z & y E B(H ® K) by letting (x 8 y)(€ 8 n) = zE 8 yn, for all £ € H, ne K. 


The tensor product von Neumann algebra MN C B(H @ K) is defined as the closure of the 
linear span of {x & y|z € M,y € N} in the SOT. 


Exercise 9.22. Let (X, 4) be a standard probability space. Show that Mn (L® (X, u)) = M,(C)®L™(X) 
is a type Ig, von Neumann algebra. Show that if K is an infinite dimensional Hilbert space, then 
B(K)SL®(X) is a type I% von Neumann algebra. 


Remark 9.23. As it turns out, any type J von Neumann algebra M is isomorphic to a direct sum 
of algebras of type Ig, and Is as in the previous exercise (see [Co099| Section 50] for a proof). Here, 
limit ourselves to giving a proof of this fact in the case M is a factor. 


Theorem 9.24. Let M be a von Neumann algebra. Assume that {pi}icr is a family of mutually 
orthogonal projections such that X` ;cr pi = 1. Let ig E€ I and put p = pio- Then M is *-isomorphic 
to B(l2(1))@pMp. 


Proof. Denote by {6;};er the canonical orthonormal basis of ÊI. For i,j € I, we let eij € (ÊI) 
be the “elementary” operator given by eijk = Ôj kði, for all k € I. 


For 7 € I, let v; € M be a partial isometry such that v;v; = p and v;vř = p;. We take vi, = p. We 
define U : H > PI @pH by letting U (£) = je, 6; Q vže. Since We, IWE? = ier |lPiEll? = IE, 
for all € € H, it follows that U is a unitary. 

We claim UMU* = B(@(I))®@pMp. To this end, note that U*(\;<76i Q &) = ier ii, for all 
éi € pH. Using this fact, one checks the following: 


e UxU* = ei, ,i9 © x, for all x € pMp. 
e Uv;U* = eiio ® p, for alli € J. 


Let A C M be the *-algebra generated by {uj}icy UpMp. Let B C B(€?(I))@pMp be the *-algebra 
generated by {eiio bier U {€ip,i9 Q |£ E€ pMp}. The last formulae imply that UAU* = B. 


Let x € M and for F C I finite, denote pp = J jep Pi. Since pr > 1, we get that prxpr > z, in the 
SOT. On the other hand, since prrpr = ijer viv} evju = D ijeF vi(vževj)o} and vřxv; € pMp, 
we get that prepr € A. This shows that A is SOT-dense in M. Similarly, we get that B is 


SOT-dense in B(ŻI)&pMp. The claim and the theorem are now proven. a 


Exercise 9.25. Let K be a Hilbert space. Prove that B(K) is a factor of type I. 


Corollary 9.26. Any factor M of type I is *-isomorphic to B(K), for some Hilbert space K. 


Proof. Let p E€ M be a non-zero abelian projection. Then pMp is both abelian and a factor. 
Therefore, pMp = C- p. Let {pi}ier be a maximal family of mutually orthogonal projections in 
M that are equivalent to p. Put q = 1 — Jier Pi- We claim that q = 0. Indeed, if q 4 0, then by 
Corollary [9.12] we have that either (1) p < q or (2) q < p. Now, (1) contradicts the maximality of 
{pj}ier, while (2) implies that there exists a projection q’ < p such that q' ~ q. Since pMp = Cp, 
it follows that q’ = p, contradicting again the maximality of {p;};c7. Since q = 0, the conclusion is 
a consequence of Theorem [9.24] | 
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10. TRACIAL VON NEUMANN ALGEBRAS 


10.1. Tracial von Neumann algebras. 


Definition 10.1. Let M C B(H) be a von Neumann algebra. A state y : M —> C is called 


° Phormal if (Vier Pi) = SUP;er Y(pi), for any increasing net of projections {p; Jier- 
e tracial if y(xy) = y(yz), for allz,ye M. 


Definition 10.2. A von Neumann algebra M is called tracial if it admits a normal, faithful, tracial 
state 7: M — C. (In short, we will say that the pair (M, rT) is a tracial von Neumann algebra.) 


Examples 10.3. (of tracial von Neumann algebras) 


(1) L°°(X) is a tracial von Neumann algebra with the trace given by r(f) = fy f du 
(2) Mn (C) is a tracial von Neumann algebra with the normalized trace 7([a;,j]) = 
(3) More generally, M,(L°°(X)) is a tracial von Neumann algebra, where T([fi,;]) = 


7 Eh dii. 
n Xia tx fii du. 


Remark 10.4. Any tracial von Neumann algebra M is finite. To see this, let v € M such that 
v*v = 1. Then vv* is a projection, hence 1— vv* is a projection. Since r(1—vv*) = r(v*v—vv*) = 0 
and 7 is faithful, we get that vv* = 1. 


Theorem 10.5. Any finite von Neumann algebra M on a separable Hilbert space H is tracial. 
Any Il factor is a tracial von Neumann algebra. 


Remark 10.6. If MW C B(H) is a finite von Neumann algebra on an arbitrary Hilbert space H, 
then there exists a normal center-valued trace Y : M —> Z(M) (see Chapter 8], for a 
constructive proof, and [Co99| Section 55], for a proof based on the Ryll-Nardzewski fixed point 
theorem). In particular, any I, factor M is tracial. Now, if H is separable, then Z(M) is isomorphic 
to L®(X), for a standard probability space (X, u) by Theorem Then 7(T) = fy U(T) du 
defines a normal, faithful, tracial state on M. 


Exercise 10.7. Let M be a I]; factor with a faithful normal tracial state r. Prove that two 
projections p.q € M is equivalent if and only if r(p) = 7(q). (Hint for (<=): use Corollary |9.12). 


10.2. The standard representation. A von Neumann algebra can sit in many ways inside B(H). 
In this section, we show that any tracial von Neumann algebra (M, T) has a canonical representation 
on a Hilbert space. This representation is a particular case of the GNS construction. 


Endow M with the scalar product (x,y) = T(y*z). Define L?(M) to be the closure of M with 
respect to the 2-norm ||z||2 = \/7(x*z). Let M > 2 — ĉ € L?(M) be the canonical embedding. 


Since ||xy||2 = r(y*x*zy) < ||x* ve" = = |jz||?llyl|2, letting r(x) (ġ) = xy, for all z, y € M, defines 
a *-homomorphism 7 : M — B(L?(M)). 7 is called the standard representation of M. 


Remark 10.8. (1) 1 € L? (M) is a cyclic and separating vector for 7(M). 
(2) T can be recovered as a vector state: T(x) = ((x)1, 1). 
(3) 7 is injective, hence isometric. Therefore, 7(M) is a C*-algebra. 


Theorem 10.9. 7(M) is a von Neumann algebra. 


Lemma 10.10. Let M C B(H) be a von Neumann algebra and p : M > C be a normal state. 
Then pm), ts WOT-continuous. 


2A positive linear map y : M —> N between von Neumann algebras is normal if y(A;) > y(A) (SOT) for any 
increasing net (A;) in M such that A; + A (SOT), see Definition 46.1]. By |Co99| Theorem 46.4], for states, 
this notion is equivalent to the definition given here. 
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Remark 10.11. Although we will not need this fact, note that a state y : M — C is normal if 
and only if it is weak*-continuous (see |Co99| Theorem 46.4]). (The weak*-topology on M arises 
from identifying B(H) with the dual of B,(H) = the ideal of trace class operators). 


Proof. We begin with a claim: 


Claim 1. If p € M is a non-zero projection, then there exists a non-zero projection r < p and 
E € H such that y(x) < (x€,€), for all x € rMr with x > 0. 


(Any normal functional is “locally” (i.e. on a corner of M) dominated by a vector functional). 


Proof of Claim 1. To prove the claim, choose € € H such that y(p) < (pE, €). Define Y : M —> C by 
letting w(x) = (xé, £). Then y(p) < y(p). Let {qi}icr be a maximal family of mutually orthogonal 
projections in pMp such that (qi) < y(q), for alli € I. Let q = )0;-; qi. Since y is normal, it 


is completely additive: (q) = Y(V rcr finite Lier %) = SUPFcr finite VÈ ier 4i) = Lier Yli). We 
deduce that w(q) < y(q). As a consequence, r= p — q #0. 


Moreover, the maximality of {qi }icr implies that y(s) < w(s), for any projection s € M with s < r. 
Now, let x € rMr with x > 0. By Exercise [7.3] for every £ > 0, there exist a1,...,Q@, € [0,co) 
and projections p1,...,Pn E rMr such that |x — X; aip;|| < £. Since both y and y are norm 
continuous (see Exercise [5.10), we deduce that p(x) < y(x). This proves Claim 1. 


By Claim 1, we can find a family {p;};e7 of mutually orthogonal projections in M and vectors 
{éi jier such that }7,-;pi = 1 and y(x) < (#&, &), for all x € piMp; with x > 0 and alli € J. 


To finish the proof we also need a “Hilbert space trick”: 


Claim 2. For every i € I we can find m € H such that y(xp;) = (xp;&,), for alla € M. 

Proof of Claim 2. If x € M, then Cauchy-Schwarz (see Exercise [5.9) and Claim 1 give that: 
lolap)? < p(pia* api) < (pix apiki, ti): 

Denote by K C H the closure of {xp;&;|c € M}. Then K 3 xp;& > y(xp;) € C is a well-defined 

bounded linear functional. Applying Riesz’s representation theorem now implies Claim 2. 

Finally, let x, € (M)ı be a net such that x, — 0 in the WOT. We want to show that y(x) > 0. 

Towards this, fix € > 0. Since )0,<; (pi) = YOlie Pi) = Y(L) = 1, we can find a finite set F C I 

such that X jep y(pi) > 1—e. Thus, letting po = ienr pi, then y(po) < €. 


Let x € (M)ı. Then Cauchy-Schwarz gives that |p(xpo)| < y(z*x)y(po) < liæl|?p(po) < £. Since 
Jier Pi + Po = 1, we get that 
lo(a)| < 37 Joleps)| + \pleme)| < S7 Manse, m)| +6. 
ieF ieF 


Thus, lim sup |y(x,)| < £. Since £ > 0 is arbitrary, we are done. a 
k 


Proof of T heorem [10.9 Since 7(M) is a C*-algebra, in order to show that it is a von Neumann 
algebra, by Kaplansky’s density theorem it suffices to prove that (m(M))ı is SOT-closed. Let 
{r(ai)}i € 7(M),1 be a net such that 7(a;) > T € B(L?(M)) in the SOT. 

Since m is an isometry, x; E€ (M)ı. Since (M)ı is WOT-compact, after passing to a subnet we 
may assume that {x;}; converges to some x € (MM), in the WOT. Let y1,y2 E€ M. Then yžziyı > 


ysry1 in the WOT. Since 7 is normal, Lemma |10.10| implies that its restriction to (M) is WOT- 
continuous. In particular, we get that lim r(y3z;y1) = T(y3ry1) and therefore 
7 


lim (1 (xi) (f1), f2) = lim T(y3xiy1) = T(yorys) = (m(x) (1), f2). 
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Since M C L?(M) is dense, we conclude that m(x) > (x) in the WOT, hence T = n(x) € 7(M)1. 
This shows that 7(M), is SOT-closed and finishes the proof. a 


Exercise 10.12. Let (M,7) be a tracial von Neumann algebra. Prove that a state y : M —> C is 
normal if and only if for every £ > 0, we can find y E€ M such that sup,eqq), |p(2) — T(zy)| < €. 


10.3. The commutant of the standard representation. We next identify the commutant of 
M in the standard representation and show that it is anti-isomorphic to M. We start by defining 
J : L?(M) > L?(M) as follows: J(#) = 2*. Then J is a conjugate linear unitary involution: 
J(aé + 89) = TJ (ê) + BIG), (J(@), J(8)) = (9,8), if a, 8 € C, 2,y € M, and J? =T. 


Theorem 10.13. M' = JMJ. 


Proof. Denote H = L? (M). Notice that {xl|x € M} is dense in H and J(xÎ) = x*1, for all z € M. 
Using these properties for every x,y,z E€ M we get that 


JxJy(z1) = Ja J (yzl) = Ja(z*y*1) = J(zz*y*Î) = yzz*Î = yJ(æz2*Î) = yJxJ (zi). 


This shows that JM J c M’. 


In particular, we get that {a’I|2’ € M’} D {JaJilx € M} = {a*|2 € M} = {2x € M}, which 
implies that {x’1|a" € M’} is dense in H. Further, if 2’ € M’, then for every y E€ M we have that 


(Jal, yl) = (Jyl, xi) = (e*y*1, 1) = (y*e*i, 1) = (2*1, yi). 
This shows that Jai = x*1, for all x € M’. Altogether, have shown that the two properties satisfied 
by M are also verified by M’. Thus, we deduce that JM’J Cc M” = M and hence JMJ = M’. E 


10.4. Hilbert modules. Next, we address the following question: on what Hilbert spaces other 
than L?(M) can a tracial von Neumann algebra M be represented? If m : M — B(#) is an isometric 
*-homomorphism, then 7(M) is a von Neumann algebra iff 7 is normal. This fact motivates the 
following definition: 


Definition 10.14. Let M be a von Neumann algebra. A *-homomorphism m : M — B(H) 
is Phormal if the linear functional M 5 x — (n(x)E,€) € C is normal, for every € € H. A 
left Hilbert M-module is a Hilbert space M together with a unital normal +-homomorphism 
a: M — B(H). (Note that defining z -€ = n(x) makes H a left M-module.) 


Exercise 10.15. Let y : M — C be a state. Let np : M — B(H,) the GNS *-homomorphism. 
Prove that y is normal if and only if 7, is normal. 


Exercise 10.16. Prove that there exists a non-normal state y : L°({0,1],A) + C. Deduce the 
existence of +-homomorphisms 7 : L°({0, 1], A) + B(H) which are not normal. 


Theorem 10.17. If H is a left Hilbert M-module, there exists a family of projections {p;}ier in M 
such that H ~ ®je7L?(M)p;. More precisely, there exists a unitary operator U : H > ®je7L?(M)p; 
such that U(x- €) =x- U(E), for alx € M and&€€ H. 


Lemma 10.18 (Radon-Nikodym). Let yp: M —> C be a linear functional such that 0 < y(x) < T(z), 
for alla € M with x >0. Then there exists y E€ M such that O < y < 1 and y(x) = T(xy), for all 
reM. 


3Let (A;) be an increasing net in M such that A; > A (SOT). Then for £ € H, since x 4 (x(x)€,€) is normal, 
we have that (7(A;)&,€) > (m(A)€, £) and hence m(A;) > (A) (SOT) b Proposition 43.1]. Thus, the notion 
considered here is the same as the usual notion of normality from Definition 46.1]. 
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Proof, Cauchy-Schwarz gives that |y(y*x)|? < y(a*x)yp(y*y) < T(x*x)T(y*y) = ||x|l3lly||2, for all 
x,y E M. In particular, |y(x)| < ||z|lo = ||#||2, for all x € M. By Riesz’s representation theorem 


we find € € L?(M) such that y(x) = (2, £), for all z € M. Next, for y € M, we get that 


lyéll2= sup Kê yl= sup |(y*z,€)|= sup ly(y*z)| < |lylle = Illl. 
xEM,||z||2<1 xEM,l||zll2<1 xEM,||z|2<1 


This inequality implies that there exists T € B(L?(M)) such that T(ĝ) = y€, for all y € M. Then 
xT (fj) = zyë = Te(ĝ), for all x € M. We deduce that T € M’, which by Theorem [10.13] implies 
that T € JM J. Hence there exists y € M such that € = T(1) = JyJ(1) = y*. Thus, we have that 
p(x) = T(xy), for all x € M. It is left as an exercise to show that 0 < y < 1. a 


Exercise 10.19. Let (/,7) be a tracial von Neumann algebra. Assume that y € M satisfies 
0 < T(xy) < T(x), for all z € M with x > 0. Prove that 0 < y <1. 


Proof of Theorem The proof relies on the following claim: 


Claim. Let € € H\ {0}. Then we can find non-zero projections q,p € M such that MqE = L?(M)p, 
as left Hilbert M-modules. 


Proof of the claim. To prove the claim, define p : M — C by letting y(x) = (x£, €), for every 
x E M. Since ¢ is normal, we can find a non-zero projection r € M such that y(q) > 0 for every 
non-zero projection q € rMr. Indeed, if no such r exists, then any maximal familiy {p;}ier of 
mutually orthogonal projections such that y(p;) = 0, for all 7 € I, would necessarily satisfy that 
ier Pi = 1. Since ¢ is normal we would get that y(1) = 0 which contradicts € ¥ 0. 


Let c > 0 such that y(r) < er(r). Note that y and cr are both normal positive linear functionals on 
rMr. Then the proof of Claim 1 in the proof of Lemma/|10.10}implies that we can find a projection 
q E rMr such that y(x) < cr(x), for all x € qMq with x > 0. 


By applying Lemma |10.18| we can find y € qMq such that 0 < y < cand y(x) = r(xy), for all 
x € qMq. Let z € qMq such that z > 0 and 2? = y. If x € M, then since qrq € qMq, we get that 


(x(qé), q£) = (qxat, £) = plaza) = r(qxqy) = T(xy) = T(x2°) = (z2, 2) r2). 
From this, we get that ||x(g¢é)|| = ||x2||2, for all 2 € M. We conclude that 6: Mq& > MZ c L?(M) 


given by 0(x(q&)) = v2 extends to a unitary operator. It follows that Mqé = M2, as left Hilbert 
M-modules. The proof of the claim is done modulo the following exercise: 


Exercise 10.20. Let z € M with z > 0 and denote by p the support projection of z. Then we 
have that M2 & Mp = L?(M)p, as left Hilbert M-modules. 


Finally, let {H;}ie7 be a maximal family of mutually orthogonal left Hilbert M-sub-modules of 
H such that for every i € I, there exists p; € P(M) with H; =~ L?(M)p;. In order to finish the 
proof, it is enough to show that H = @;-7H;. Assume by contradiction that there is € € H \ {0} 
such that £ € (@jcerH;)+. Then the claim provides non-zero projections p,q € M such that 
K := Mgé S L?(M)p. Since K C ME C (@icrH;)*, this contradicts the maximality of {H; Jer. W 


Theorem 10.21. Let (M,T) be a tracial von Neumann and {pi}ier, {qj }je7 be projections in M. 
Assume that either 


(1) there exists a linear injective map L : @ierMp; > BjezMq; such that L(x -€) = «- L(€), 
for alla E€ M and E € ÐicerMpi, or 


(2) there exists an injective bounded operator (e.g., an isometry) T : Bier L?(M)p; > SjezL?(M)q; 


such that T(x- €) =x- T(£), for all x € M and € € BicrL?(M)pi. 


VON NEUMANN ALGEBRAS 27 


Then drier Ti) < Vier T(Y)- 


Proof. Since Jier T(pi) = sup{sup;ep T(pi) | F CJ finite}, we may assume that J is finite. We 
may also assume that J is countable. Suppose therefore that J = {1,2,...,n}, where n € NU {oo}. 


Let us first show that (1) implies (2). If L is as in (1), then we can find aj; E€ p;Mq; such that 
L(®ier@ipi) = jes Vier TiQij), for all (x )ier C M. Since || X ie, Ti04,j|]2 < maxier llaigll Lier llzipill2, 
if we let cj := 2X (maxjer ||@i;l| +1), then T : Sicr L?(M)p; > Byes L?(M)qy given by 


T(®ier@ipi) = Ojer (Gj X Tiaj) 
iEI 
is an injective bounded operator satisfying (2). 


Now, assuming that (2) holds, let K = I U J and put p; = q; = 0, for all i € K \ T and j E€ K \ J. 
Put H = L?(M)@@2(K) and view M C B(H). Embed kex L?(M) pe, Bkex L?(M)qk into H, in 
the natural way. Then T extends to a bounded injective operator on H which commutes with 
M. In other words, T € M'N B(H) = JMJ@B(@(K)). Let V be the partial isometry in the 
polar decomposition of T. By Exercise V € JMJB(Ż(K)) and the left and right support 
projections of T satisfy I(T) = VV* and r(T) = V*V. Since TjęņĻcgL?(M)pą İS injective we have 
that r(T) = PkexJpkJ. Also, by definition we have that I(T) < BkexJqkJ. Write V in matrix 
form as V = (JVkiJ)kiex, where Vkı € M for all k,l € K. Then, for every k € K, we have that 
Pk = J iek Vý Vik and qk > ick Vk Výr Thus, we conclude that 


NO rip) = XO TWV) = YO TVo Vki) < XO Tlak). 


kek klek k,lek kek 


Definition 10.22. Let (1,7) be a tracial von Neumann algebra. We define the dimension of a 
left Hilbert M-module H as dimm H := )0,-,T(pi), where {pi}ier C M is any family of projections 
such that H © @jc;L?(M)p;. (By Theorem |10.21} dim jy H is independent of the choices made.) 


10.5. Conditional expectation. 


Definition 10.23. Let M be a von Neumann algebra and B C M be a von Neumann subalgebra. 
A linear map E : M > B is called a conditional expectation if it satisfies the following: 


(1) E(b) = b, for every b € B. 
(2) E(x) > 0, for every x € M with x > 0. 
(3) E(b,xb2) = b1 E(x)b2, for every bı, b2 € B and z € M. 


Proposition 10.24. Let (M,7) be a tracial von Neumann algebra and B C M be a von Neumann 
subalgebra. Then there exists a unique trace preserving conditional expectation E : M > B. 


Proof. Let eg : L?(M) —> L? (B) be the orthogonal projection, where L?(B) denotes the ||.||2-closure 
of {b|b € B}. If x € M and b E€ B, then beg(ĉ) = eg(bx) and hence 


beg (ŝ)ll2 = lleg @z)lļ2 < lbzll2 = llbzll2 < Izl] llbll2 = lll llÊll2- 


Thus, there is T € B(L?(B)) such that T(b) = bep (ĉ). Since T € B’, we get that T € JBJ, which 


gives that eg(ĉ) € Ê. We therefore have a linear map Eg : M —> B given by Ep(x) = ep(ĉ). One 
checks that E satisfies all the conditions. a 
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11. THE HYPERFINITE IJ; FACTOR 


For n > 1, let An = Mən (C) and mn = Tr/2" : An — C be the normalized trace. Consider the 
diagonal embedding An C Anii given by 
EN 0 
- 0 xz 


Define A = Un>iAn and notice that A is a *-algebra which is equipped with a norm || - || which 
satisfies ||x*a|| = ||x||?, for all z € A. Moreover, T : A —> C defined by T(x) = T(z), if £ € An, isa 
faithful tracial state functional which satisfies |r(x)| < |x|, for all z € A. 


We denote by H the closure of A w.r.t. to the norm ||x||2 = 7(a*x)!/?, and consider the GNS 
*-homomorphism 7 : A — B(H) given by r(x) (ĝ) = Ty, for all x,y € A. 


Theorem 11.1. R := mA) O is a Il, factor and the map ọ : R >C given by v(x) = (x1, 1) is 
a normal faithful tracial state. 


Proof. Showing that ọ is tracial on R is equivalent to proving that (yl,a*1) = (x1,y*1), for all 
x,y € R. Since this holds for all z,y € n(A) ((a(y)1, 2(x)*1) = (g,2*) = T(xy), for all x,y € A) 
and 7(A) is SOT-dense in R, we deduce that y is tracial on R. 


Given z € A, we have |[y2[3 = r(z*y*yz) = r(yzz"y") < [lz2"IIr(ou*) = [l2l? - [lv], for all y € A. 
This implies we the existence of an operator p(z) € B(H) such that p(z)(9) = yz, for all y € A. 
Since p(z) € n(A)’, we get that p(z) € R’. Now, if x € R is such that y(x*x) = 0, then xl = 0, 
and thus for every z € A we have that +2 = x(p(z)1) = p(z)(xi) = 0. Since A is dense in H, we 
conclude that « = 0, showing that y is faithful on R. Since vy is clearly a normal state, the second 
assertion of the theorem is proven. 


Finally, let us show that R is a factor. To this end, let x € Z(R) and put zo = x — v(x) - 1. 
For n > 1, let Rn = m(A,) C R and En : R > Rp be the unique y-preserving conditional 
expectation. Then En(x) € Z(Rn). Since Rn = Mər (C) is factor and En is y-preserving, we get 
that En(x) = y(En(x))-1 = y(x) -1 or equivalently En(xzo) = 0. Thus, for every n > 1 and y € Rn 
we have that y(xoy) = ¢(En(xoy)) = y(En(xo)y) = 0. Hence, y(xoy) = 0, for all y E€ m(A). Since 
m(A) is SOT-dense in R, we conclude that this equality holds for every y € R. In particular, we 
have that y(xoxj) = 0. Since ¢ is faithful we conclude that zo = 0 and thus x = y(x)-1¢€C-1. i 


Definition 11.2. A von Neumann algebra M is called hyperfinite if it admits an increasing 
sequence (M,,)n>1 of finite dimensional *-subalgebras such that Un>1 Mn is SOT-dense in M. 

The IT, factor R from Theorem is hyperfinite by definition. Murray and von Neumann |MvN43 
proved that any hyperfinite I; factor is isomorphic to R, which justifies the following: 


Definition 11.3. The Il; factor R is called the hyperfinite II; factor. 


As it turns out, R is the smallest I], factor: 


Exercise 11.4. Let M be a I], factor and 7: M — C be a faithful normal tracial state. 


(1) Prove that there exists a projection p E€ M such that r(p) = 1/2. 
(2) Prove that there exists an injective unital x-homomorphism p : M2(C) > M. 
(3) Prove that there exists an injective unital x-homomorphism 7: R > M. 
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12. GROUP AND GROUP MEASURE SPACE VON NEUMANN ALGEBRAS 


12.1. Group von Neumann algebras. Let I be a countable group. The left and right regular 
representations À, p : T — U(LPT) are given by A(g)(dn) = dgn and p(g)(Sn) = Sng-1- The group 
von Neumann algebra L(T) c B(¢?(L)) is the WOT-closure of the linear span of {A(g)|g € T}. 
We denote by R(T) c B(¢?(I)) the WOT-closure of the linear span of {p(g)|g € C}. 


Convention. Following the tradition in the subject, we denote ug = A(g), for g ET. 


Proposition 12.1. 7 : L(T) —> C given by T(x) = (xbe,0e) is a faithful normal tracial state. 
Moreover, L(TY = R(T). 


Proof. Since T(1) = 1 and r(x*x) = ||x6_||? > 0, for all x € M, we get that 7 is a normal state. Since 
T(ugun) = T(Ugh) = Soh,e = Ôhg e = T(Ung) = T(Unttg), we get that 7 is a trace. If r(x*x) = 0, then 
the first line of the proof implies that 76. = 0. If g € T, then x6, = x(p(g-!)de) = p(g~+) (xe) = 0. 
This implies that x = 0, hence 7 is faithful. 


We identify L?(L(T)) with ?T via the unitary ug > ôg. Under this identification, the involution 
J becomes J (ôg) = 69-1. Now, if g,h ET, then JugJ (ôn) = Jugdp-1 = Jbgn-1 = ng- = P(G)(On)- 
This shows that JugJ = p(g), for all g € IF, hence L(TY = JL(T)J = R(G). a 


Notation 12.2. For x € L(I), we write sôe = ) yer £gðg €E LT. Observe that in the above 
identification L?(L(T)) = (T), we have that ĉ = zôe. The coefficients {£g}ger are called the 


Fourier coefficients of x and can be calculated as £g = (xôe,ðg) = T(xug). We will write 
t= Yi ger ZgUg, where the convergence holds in the ||- ||2 (but not necessarily the WOT). 


Exercise 12.3. Let x,y € L(T) and let z = > get Tgug, Y = Jer YgUg be their Fourier expansions. 
Prove that 2* = ) ep Zg Tug and ry = ger (X ner ThYh-tg)Ug. 


By Proposition |12.1| L(T) is a tracial von Neumann algebra. The next result clarifies when L(T) 
is a I], factor. 


Proposition 12.4. Let T be a countable group. Then L(T) is a factor if and only T has infinite 
conjugacy classes (or, is icc): the conjugacy class {hgh~!|h ET} is infinite, for every g ET \ {e}. 


Proof. (=>) Assume that C = {hgh~'|h € T} is finite, for some g # e. Then z = J peç ux belongs 
to the center of L(T) and x ¢ C-1. 


(<=) Assume that T is icc and let x be an element in the center of L(T). Let x = $ cp tgtg be 
the Fourier expansion of x and h ET. Let y = > ger YoU for the Fourier expansion of y = upxup. 
Then yg = T(yug) = T(unrupug) = 7 (cup gn-1) = Xpgh-1- On the other hand, since x commutes 
with up, we get that y = x. Hence 2p,4,-1 = £g, for all g,h € T. Since ger lag? < co, and T is 
icc, we conclude that xg = 0, for all g E T \ {e}. Thus, se C- 1. E 


Exercise 12.5. Prove that the following groups are icc: 


(1) the group Sq of bijections 7 : N + N such that {n € N | a(n) 4 n} is finite. 

(2) the free product group I =T; * T2, where l1, I are any group with |r1| > 1 and |F2| > 2. 
(in particular, the free group F, on n > 2 generators is icc). 

(3) SL,(Z) := {A € M,,(Z) | det(A) = 1}, for every odd n > 3. 
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12.2. Group measure space von Neumann algebras. Let I be a countable group and (X, p) a 
standard probability space. We say that an action T ~ (X, u) is probability measure preserving 
(abbreviated, pmp) if for every g € I the map X 3 x ++ g-a € X is measurable and measure 
preserving: u(g-Y) = u(Y), for every measurable set Y C X. 


Define a unitary representation o : T > U(L?(X)) by og(f)(x) = f(g7'a), for all f € L?(X). 
Note that og(L®(X)) = L®(X), for all g € T. Further, we denote H = L?(X) @ ZT and define a 
unitary representation u : T — U(H) be letting ug = og ® A(g). We also define a *-homomorphism 
nm: L°(X) — B(H) be letting m(f)(€ @ dg) = fE 8 ôg, and view L®(X) C B(H), via m. Then 


Ug fu = 0,(f), for all g E€ T and every f € L” (X). 


Definition 12.6. The group measure space von Neumann algebra L®(X) xT C B(#) is 
defined as the WOT-closure of the linear span of { fug|f E L°(X),g ET}. 


Proposition 12.7. r: L°(X) xT > C given by r(x) = (x(1 @ ôe), 1 Q ĝe) is a faithful normal 
tracial state. 


Proof. Note that for all f € L°(X) and g € T we have that 
r(fug) = (Fugl 8 8e), 1 88e) = (f 88o, 18 5) = bye ff Ap 


If fi, fo € LY (X) and g1, g2 E L, then fiug, f2Ugo = J10 gı (f2)Ugig2 and fotgs fruga = f20 ga (f1 YUg2g1- 
Since T(og(f)) = 7(f), for all f € L®(X) and g E T, we get that T(f1Ug fotig.) = T(fotigs f1ug2)- 
This implies that 7 is a trace. We leave the rest of the proof as an exercise. E 


Proposition 12.8. Every a E€ M has a unique Fourier expansion of the form a = eT agug, 
where ag = Ea(au}) € A, where the series converges in ||- ||2. Moreover, we have the following: 

e a = Jer Og-1(G Ug. 

© llall = Xer llagll3- 

eab= ger (ner Anh (bp-1g))Ug- 


Proof. The formula U(fug) = f ® ôg defines a unitary operator U : L?(M) > L?(X) 8 T. Thus, 


every a E€ M can be written as a = -er agUg, where ag € L?(X) satisfy yoger llagl|2 = |lall2. 
Moreover, we have that @ = e4(@) and thus ae = Ea(a). Since au}, = } ger Aghttg, we get that 
an = Ea(auj,), for every h € T. We leave the rest of the proof as an exercise. a 


Definition 12.9. A pmp action T A (X, jz) is called: 


e ergodic if every T-invariant measurable set Y C X satisfies u(Y) € {0,1}. 
e (essentially) free if u({x € X | gx = x}) = 0, for every g ET \ {e}. 


Lemma 12.10. A pmp action T Aœ (X, u) is ergodic if and only if any function f € L?(X) which 
satisfies that og(f) = f, for all g ET, is essentially constant. 


Proof. (<=) If Y is a T-invariant set, then f = ly € L?(X) is a T-invariant function. Thus, there 
is c € C such that f = c. As f? = f, we get that c € {0,1}, hence p(Y) = Jepda See {0,1}. 


(=) Let f € L?(X) be a T-invariant function. If f is not constant, then it admits at least two 
distinct essential values z,w € C. Let 6 = |z — w|/2. Then Y = {x € X| |f(x) — z| < ô} and 
Z = {x € X| |f(x) — w| < 6} are disjoint, T-invariant, measurable sets. Since u(Y) > 0 and 
u(Z) > 0, we get a contradiction with the ergodicity of the action. a 
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Exercise 12.11. Let T be an infinite group and (Y,v) be a non-trivial standard probability space. 
Define (X, u) = (YT, v81) Consider the Bernoulli action T A (X, p) given by 


g: £ = (%g-1p)ner, for every g ET and x = (xp)ner € X. 


Prove that this action is pmp, essentially free and ergodic. Moreover, prove that this action is 
mixing: if Y, Z C X are measurable sets, then lim p(gY NZ) = u(Y)u(Z). 
goo 


Exercise 12.12. Let G be a compact group and I < G be a countable dense subgroup (e.g., take 
G = T and I = {exp(2ri na)|n € Z}, where a € R\ Q). Let mg be the Haar measure of G. 
Consider the left translation action I œ (G, mg) given by left multiplication: g- x = gz. 
Prove that this action is pmp, essentially free and ergodic. Prove that this action is not mixing. 


Proposition 12.13. Let  ~ (X, 1) be a pmp action. Denote M = LY (X) xT and A= L™(X). 


(1) The action T œ (X, u) is free if and only if AC M is maximal abelian, i.e. A'O M = A. 
(2) Assume that the action T œ (X,p) is free. Then M is a factor if and only if the action 
Tr Aa (X, u) is ergodic. 


Proof. (1) Assume that A'N M = A. Let g € T \ {e} and put Y = {x € X|gx = x}. Since 
lyo,(f) =1yf, for all f € A, we get that a = lyu,g E A'AM. Hencea € A and thus a = E4 (a) = 0, 
showing that u(Y) = 0. This shows that the action is free. 


Conversely, assume that the action is free. Let a € AÀ N M and a = J erp gug be its Fourier 


er 
decomposition. If b € A, then ))jcp bagug = ba = ab = } ger AgFq(b) ug, thus bag = 0g(b)ag, for 
allg E T. Let g ET \ {e} and put Y} = {x € X|a,(x) Æ 0}. From the last equality we get that 
b(g-‘x) = b(x), for almost every x € Y}. Since (X, u) is a standard probability space, we can find 
a sequence of measurable sets Xp C X, n > 1, which separate points in X. By applying the last 
identity to b = 1x,, for all n > 1, we deduce that g~!w = x, for almost every x € Y,. Since the 
action is free, we get that u(Y,) = 0, hence ag = 0. Since this holds for all g € T \ {e}, we conclude 
that a € A. 


(2) Since the action is free, (1) implies that Z(M) = AN M’ = {a € A | ogla) = a,Vg E€ T}. By 
Lemma 10.8, the conclusion follows. | 


Exercise 12.14. Let T be an icc group and F Aa (X, u) be a pmp action. Prove that L°(X) xT 
is a II, factor if and only if the action T A (X, p) is ergodic. 


12.3. Cartan subalgebras and orbit equivalence. 


Definition 12.15. Let (M,r) be a tracial von Neumann algebra. We say that a von Neumann 
subalgebra A C M is a Cartan subalgebra if the following conditions are satisfied: 


(1) A is maximal abelian, i.e., A’ MM = A, and 
(2) the normalising group Nm (A) = {u € U(M) | uAu* = A} satisfies Ny (A)” = M. 


By Proposition {12.13} L°(X) c L®(X) xT is a Cartan subalgebra, for every free pmp action 
Tr a (X,p). It is a fundamental observation of Singer (1955) that the isomorphism class of the 
inclusion L® (X) C L®(X)xT captures exactly the orbit equivalence class of the action T A (X, u). 
An isomorphism between two standard probability spaces (X, u) and (Y, v) is a Borel isomorphism 
6 : X! — Y’ between Borel co-null subsets X’ C X,Y’ C Y which preserves the measure, i.e., 
satisfies 4(0~—'(Z)) = v(Z), for all measurable subsets Z C Y”. 


Proposition 12.16. JT œ (X,u) and A œ (Y,v) are free pmp actions, then the following 
conditions are equivalent: 
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(1) There exists a *-isomorphism m : LO (X) xT + L®(Y) x A such that r(L°(X)) = L(Y). 
(2) The actions are orbit equivalent, i.e., there exists an isomorphism 0 : (X, u) > (Y,v) 
which takes the T-orbits onto the A-orbits: 0(T - x) = A - 0(x), for almost every x € X. 

(In this case, 0 is called an orbit equivalence between the actions.) 


Proof. Denote A = L” (X), B= L™(Y),M = L™(X) xT and N=L™(Y)xA. 

(1) = (2) Since 74 : A > B is a *-isomorphism, we can find an isomorphism 6 : (X, u) > (Y,v) 
such that (a) = a o 071, for all a € A (see, e.g., |AP18, Theorem 3.3.4]). We will prove that 0 is 
the desired orbit equivalence between the actions. 


To this end, fix g € I and denote v = a(u,). Then v normalises B and thus we can find an 
isomorphism a: (Y, v) > (Y,v) such that vbu* = boa, for all b € B. 


Claim. a(y) € A - y, for almost every y E€ Y. 


To this end, consider the Fourier expansion v = Xhe AVhuh, Where vp € B for all h € A. Since 
vb = (bo a), for all b € B, we deduce that vp(b o h~!) = va (b o a), for all h € A and b € B. If we 
let Y, = {y € Y | vn(y) # 0}, then the same argument as in the proof of Proposition [12.13] shows 
that a(y) = h7!-y, for almost every y € Yp and all h € A. Now, if we let Z = Y \ (Unea Yn), then 
Izv, = 0, for all h € A and thus 1zv = pea (lzvn)un = 0. Hence v(Z)*/? = |\1z|l2 = ||1zu|le = 0, 
which implies that the set Upea Yn is co-null in Y. This clearly implies the claim. 


z) = Un(a)jv* = m(a)oa = ao 6-1 oa. Thus, 


g 100! = 07} o a hence 6 o g7™t =ao8. Together with the claim, this implies that for almost 
every x € X, we have that 6(g-!- x) = a(0(x)) € A- (x£). Since g € I is arbitrary, we conclude 
that 0(T -x) C A- 0(x), for almost every x € X. Since the reverse inclusion can be proved similarly, 
it follows that 0 is an orbit equivalence. 


Finally, if a € A, then aog o 67! = r(ugau 
1 


(2) = (1) Let 6: (X, u) > (Y,v) be an orbit equivalence. Define a *-isomorphism m : A > B by 
letting 7(a) = a o 07t. Our goal is to show that 7 extends to a *-isomorphism 7: M > N. 


To this end, fix g € I. Then (0 o g™t o 07})(y) € A- y, for almost every y € Y. For h € A, put 
Yan = {y EY | (80 gt 0 07t)(y) = h~t- y}. Then {Yg.n}nea is a measurable partition of Y. Since 
ht. Yzn = {y E€ Y | (@0g007')(y) = h- y}, we also have that {h7!- Ygn}nea is a measurable 
partition of Y. Using the last two facts, one checks that the formula m(ug) = X nea LAnun defines 
a unitary in N such that m(u,)m(a)m(ug)* = 7(a0 971), for alla € A. This entails that 7 extends 
to a *-homomorphism from the linear span of {aug | a E€ A,g E€ T} to N. Moreover, m is trace 
preserving. We leave it as an exercise to show that 7 extends to a *-isomorphism 7: M > N. E 


13. AMENABLE GROUPS AND VON NEUMANN ALGEBRAS 


13.1. Amenable groups. 


Definition 13.1. A countable group I is called amenable if there exists a state y : °([T) > C 
which is invariant under the left translation action: y(g- f) = (f), for all g E€ T and f € @°(L). 
Here, g- f € (© (I) is defined as (g- f)(h) = f(g th). 


Example 13.2. Every finite group I’ is amenable, as witnessed by the state y(f) = |C|7t >er f(g). 


In order to give examples of infinite amenable groups, we need to recall the following: 


Definition 13.3. The Stone-Cech compactification of N is defined as the maximal ideal space 
of the abelian C*-algebra 4°% (N) and is denoted by BN. An ultrafilter of N is an element of SN, i.e., 
a non-zero homomorphism w : °(N) —> C. For every n € N, we denote by en € GN the evaluation 
at n, i.e., en(f) = f(n). An ultrafilter w € BN is free if it does not belong to N = {en} nen. 
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Notation. If w € BN, we denote limp». Zn := w((%n)n), for every (£n)n € 2° (N). 


Remark 13.4. We have that BN \ N #4 Ø. To see this, let Kn C 8N be the weak*-closure of 
{ex | k > n}. Then Kn is weak*-compact by Alaoglu’s theorem and K,,41 C Kn, for all n. Thus, 
Ankn £0. fw €OnKn, then w € Kn and thus w(ôn) = 0, for all n € N. This shows that w ¢ N. 


Exercise 13.5. If w € BN\N and limpo £n = 0, then limp_,, £n = 0. 
Examples 13.6. (of amenable groups) Let w be a free ultrafilter on N. 


(1) Assume that [ = U,.,,, where IT, <T are amenable subgroups and Fn C [',41, for all n. 
Then T is amenable. To see this, let yn : €°([,) + C be a left invariant state. Define 
p : LOT) > C by y(f) = limnsu Yyn(fir,). Then ¢ is a left invariant state. Indeed, if 
g ET, then g € Ty, for some N. Thus, if f € 4° (T), then (g-f) ir, = 9-(fir,,), for alln > N. 
Hence by Exercise [13.5] we get (g: F) = Mnu Pn (g: (fr,)) = Mnu Yn(fir,,) = (F). 
In particular, any increasing union of finite groups, such as Sæ, is amenable. 

(2) Z is amenable. To see this, let Fa = {-—n,—-n + 1,...,—1,0,1,... n —1,n}. Then for any 
g € Z we have |(g + Fn) \ Fn| < 2|g| and thus limp. |(g + Fn) \ Fal/|Fn| = 0. Define 
y : £°(Z) > C by letting y(f) = limn4u(1/|Fnl) oer, f(x). For every g € Z, we have 


log P) — e(A)| = | tim RNS F@— 9) — > F(2)) 
xEFn xzEFn 
< ||flloc lim (Fa — 9) Fal/|Fal = 0. 


Theorem 13.7. Let I be a countable group. Then the following conditions are equivalent: 


(1) T is amenable. 

(2) T satisfies the Reiter condition: there exists a sequence of non-negative functions 
fn E A(T) such that |\fall1 =1, for all n, and limps || fno g — fnll = 0, for allg ET. 

(3) T satisfies the Følner condition: there exists a sequence of finite subsets Fa CT such that 
limp soo |9F nn \ Frl/|Fn| = 0, for all g ET. 

(4) the left regular representation of T has almost invariant vectors: there exists a sequence 
En E Ê(T) such that ||ênll2 =1, for alln, and limps ||A(g)En — En|lg = 0, for all g ET. 


The proof of this result relies on two very useful tricks, due to Day (the proof of (1) => (2)) and 
Namioka (the proof of (2) = (3)). 
Proof. Enumerate T = {gn}n>1.- 
(1) > (2) Fix n > 1 and consider the convex subset 
C :={(fo g- f, fo 92- f,- fo In — F) | f ECT), f = 0} 
of the Banach space 41 (T)®” with the norm ||(f1, fa, -o Foll = X llla. 


We claim that 0 = (0,0,...,0) € rola Assuming this claim, we can find f, € ¢'([) such that 
fr 2 9, \|fnlla = 1 and X; ||fn © gi — fnila < 1/n. This clearly implies (2). 


If the claim were false, then since oe 4 (T)®»? is a closed convex set and (€1([)®")* = 4% (T)®”, 
the Hahn-Banach separation theorem implies the existence of F4, Fo,..., Fn E€ (T) and a > 0 such 
that X; Rif o gi — f, Fi) > a, for any f € #(T) with f > 0 and || flj =1. 

If we put F = ™ R(F; o I; — F;), then the last inequality rewrites as (f, F) > a, for any 
f € Ë (T) with f > 0 and ||fl|ı = 1. For f = 6, this implies that F(g) > a, for all g € r. Thus, we 
get that y(F) > y(a-1) =a > 0. On the other hand, y(F) = $; (y(RF o g7") — o(RF)) = 0. 
This gives the desired contradiction. 
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(2) => (3) If fi, f2 € Æ (T) and fi, f2 > 0, then Fubini’s theorem implies that 


(13.1) fi fal = f ease He>glidt and Ifill = f onset. 


By (2), for any n > 1 we can find f € (T) such that f > 0, || flh = 1 and 7%, ||fogi—fili < 1/n. 
For t > 0, let K; = {f > t}. Since f € @'(T), we get that K; is a finite subset of I. Also, note 
that {f o g > t} = 9 1K; and thus fee Hirs -= lf> lls = lg K:AK]:l], for all g € F. Thus, 
by combining the last inequality with (13.1), we derive that 


i Sop Ky — Kilt < 1/n = 1/nllf[hn = j (|K|/n)at 
i=1 


Hence, there is tn > 0 such that Fa := Kı, satisfies 7"), |g; Fa AFa| < |Fn|/n. This proves (3). 
(3) = (4) Let £n := 1p, /y|Fn]. Then ||Enl2 = 1 and ||A(g)én — nll = y lgfnAFn\|/|Fr|, for all 


n > 1 and g ET, which clearly implies (4). 
(4) = (1) Let w be a free ultrafilter on N. Define y : 4% (T) > C by letting y(f) = limn.u(f-&n, En). 
Then y is a state and y(f 0g) = limnsu(f(f&r.0g7'),€n09 1) = y( f), for all fe A(T), gel. E 


Proposition 13.8. Fə is not amenable. 


Proof. Assume by contradiction that there exists a left translation invariant state y : (°(F2) > C. 
Define m : P(F2) > [0,1] my m(A) = y(1a). Then m is finitely additive (m( AUB) = m(A)+m(B), 
for every disjoint A, B C F2) and left invariant (m(gA) = m(A), for every g € Fə and AC F3). 


Let a and b be the free generators of Fə. Let S be the set of elements of Fə whose reduced form 
begins with a non-zero power of a, and put T = F2\ S. Then aT C S, bSUb?S C T and bSNb?S = 0. 
Thus, we get m(S) > m(aT) = m(T) > m(bS Ub?S) = m(bS) + m(b? S) = 2m(S). This implies 
that m(S) = m(T) = 0. Since m(S) + m(T) = m(F2) = 1, this provides a contradiction. a 


Exercise 13.9. Let Tı and T2 be any countable groups such that |[1| > 1 and |[2| > 2. Prove 
that the free product group I =T; * Tə is not amenable. 


13.2. Amenable von Neumann algebras. 


Definition 13.10. A tracial von Neumann algebra (M, T) is called amenable if there exists a state 
® : B(L?(M)) > C such that ©), =7 and (Tz) = (xT), for all x € M and T € B(L?(M)). 


Theorem 13.11. LetT be a countable group. Then T is amenable if and only if L(T) is amenable. 


Proof. As before, we identify L?(L(T)) = (T), in the natural way. 


Assume that I is amenable and let y : 4° (T) be a left translation invariant state. Define a state 
® : B(L(T)) > C by letting P(T) := (g + (Ty, 6)). If T € L(L), then for all g € T we have 


(T òg, Òg) = (Tp(g) de, P(g) de) = (p(g)“ T p(g)ðe, de) z (T ôe, Ôe) = T(T), 
and thus ®(T) = 7(T). If T € B(Ż(T)) and h €T, then 
O(AMA)TA(h)*) = plg = (Ah)TACh) dg, ôg)) = plg => (Tòr-1g, ðn-1g)) = B(T). 


Thus, if C := {x € L(T) | ®(Tx) = #(zT), for all T € B(27(T))}, then A(g) € C, for all g € T. By 
Cauchy-Schwarz, we have that |®(Tx)|? < 6(TT*)®(2*2z) < ||T||?®(2*z) = ||T\|?||z||3 and similarly 
|6(xT)|? < ||TI?lz]|}, for all x € L(T) and T € B(é?(L)). This implies that C is || - ||2-closed. Since 
C contains the linear span of A(T), we conclude that C = L(T). This shows that L(T) is amenable. 
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Conversely, assume that L(I) is amenable. Let ® be a state on B(@?([)) such that 6(Tz) = ®(xT), 
for all x € L(T) and T € B(é?(L)). Consider the natural embedding @°(I) c B(¢?(I)) and notice 
that A(g)fA(g)* = fog | = g- f, for all f € ®© (T) and g ET. Thus, for all f € (T) and g ET, 
we have that ®(g- f) = ®(A(g) fA(g)*) = (f). This implies that I is amenable. a 


Proposition 13.12. Let (M,7) be a hyperfinite tracial von Neumann algebra. Then M is amenable. 


Proof. Let (Mn) be an increasing sequence of finite dimensional *-subalgebras such that U,M,, is 
SOT-dense in M. Let w be a free ultrafilter on N and denote by un the Haar probability measure 
of the compact group U(M,,), for every n > 1. Let ® : B(L?(M)) > C be given by 


(T) = lim (Tt, &) dun (u). 


Then it is clear that jy = 7 and ®(uTu*) = (T), for all u € UnlU(Mn) and T € B(L?(M)). By 
reasoning as in the proof of Theorem |13.11| it follows that M is amenable. E 


13.3. Connes’ theorem. In the early 1980s, Connes discovered that Hilbert bimodules provide 
an appropriate representation theory for tracial von Neumann algebras, paralleling the theory of 
unitary representations for groups. 


Definition 13.13. Let (M,7T) be a tracial von Neumann algebra. A Hilbert M-bimodule is a 
Hilbert space H equipped with commuting normal *-homomorphisms 7 : M > B(H), p : M? > 
(H), where M°? is the opposite von Neumann algebra of M. We write réy = m(x)p(y°P JE. 


Examples 13.14. (of Hilbert bimodules) 


(1) The trivial bimodule L?(M). 
(2) The coarse bimodule L?(M)&L? (M) with x(€ 8 n)y = xE & ny. 


Theorem 13.15 (Connes, 1975). Let (M,T) be a tracial von Neumann algebra. Assume that M 
is separable, i.e., L?(M) is separable. Then the following are equivalent: 


(1) M is amenable. 

(2) M is injective: there exists a conditional expectation E : B(L?(M)) > M. 

(3) the coarse M-bimodule has almost central vectors: there exists a sequence En € L?(M)@L?(M) 
such that (£n, En) = T(x) for all n > 1 and limps ||£én — Enz|| = 0, for alla € M. 

(4) M is hyperfinite. 


In particular, any separable amenable If, factor M is isomorphic to R. Thus, any Ih, factor of the 
form L(T) or L°(X) xT, with T amenable, is isomorphic to R. 


In the case of group measure space algebras associated to free pmp actions, Connes’ result was 
strengthened as follows: 


Theorem 13.16 (Ornstein-Weiss, 1980). Let [,A be amenable groups. Then any ergodic pmp 
actions T aœ (X, pu), AA (Y,v) are orbit equivalent. 


In the case I = A this result was first established by Dye (1959). This result was generalized to 
amenable countable pmp equivalence relations by Connes-Feldman- Weiss (1981). 
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14. NON-ORBIT EQUIVALENT ACTIONS 


Theorem 14.1 (Gaboriau, 1998). If 2 < m Æ n < œ, then any two free ergodic pmp actions 
Fm © (X, u) and Fn © (Y,v) are not orbit equivalent. 


We reproduce a proof of this theorem presented in |AP18, Section 18.3] and due to Vaes, itself a 
version in the spirit of operator algebras of a previous proof by Gaboriau. This is based on the 
following result showing that the cost (an orbit equivalence invariant) of any free ergodic pmp 
action of Fm is exactly m. 


Theorem 14.2 (Gaboriau, 1998). Let T œ (X, u) be a free ergodic pmp action of T = Fm. Denote 
by R := {(a,g- x) | x € X,g ET} the orbit equivalence relation. Let (gx), CT be group elements 
and (Ax), C X be measurable sets such that R is the smallest equivalence relation on X containing 
Unt (£, gk: £) | x E Ap}. Then >>, u(Ap) > m. 


Proof of Theorem|14.4} Denote M = L®(X) xT and let (ug) ger C U(M) be the canonical unitaries. 
Let a@j,...,@m ET be free generators. We consider the space of 1-cocycles 

Z'(T, M) ={e:T —> M | e(gh) = uge(h) + c(g), for all g,h ET}. 
Notice that Zt(T, M) is a right M-module. Since every cocycle c : T + M is uniquely determined 
the by the values c(a1), ..., C(@m) we have an isomorphism of right M-modules ® : M®" — Z!(T, M) 
given by ®(21,...,%m) is the unique cocycle c: T > M such that c(a1) = 21,...,c(@m) = Lm. 
Next, let (gk) C T be group elements and (Ak) C X be measurable sets such that R is the 
smallest equivalence relation on X containing Up{ (£, gp £) | £ E Ak}. Put pk = 1g, a, E P(M) 
and define pp : Ap > ge: Ax by letting vy, (x) = gk x. 
We define a right M-modular map Y : Z'([, M) > pM by letting Y (c) = Pkpkelgk). We claim 
that W is injective. To prove the claim, let c: T > M be a cocycle such that ppc(g,) = 0, for all k. 
Then for every kı, .., kn we have that (pp, 0 (Iki -Iki -1) on, Ugg, ClIr) = 0 and thus 


Pri (Oha © Gy, J- (Pka © (Gk ++-Ikn—1))C(Gk1 -Ikn) 


(14.1) 2 7 B 
D NAE E E E E = 0 
{=1 


We are now ready to show that if g € T, then c(g) = 0. Let A C X be a non-null measurable 
set. Then we can find a non-null measurable subset B C A and kı, .., kn such that B is contained 
in the domain of Yk; ©... O Pk, and g- £ = (Pky ©... © Pkn )(£), for all x € B. Equivalently 
1p < (lAr, © (Jkac-Ikn)) (lAr, © Ikn) Arn ANd J = Jkı -Ikn Thus, we have 


n—1 
lgB = Lok, -Ikn B =lpo CAE 

< (LAr o Ip allay, o (Cee ee 
= pice (Pra © (Ger ---hn—1) F 


This and (15.3) imply that 1,ec(g) = 1gec(91..-9k) = LgBPki +- (Pkn © (Gk1-+-Gkm_1) + )C(G1+--Gk) = 0. 
Thus, for every non-null set A we can find a non-null subset B such that 1,gc(g) = 0. This implies 
that c(g) = 0. Since g €T is arbitrary, we derive that c = 0 and thus W is injective. 


Therefore, Vo ®: Mm — G,p,M is a right M-modular injective map. By Theorem |10.21| we 
conclude that m < $5} T(pk) = do, u(Ak). a 


Proof of Theorem BE) Assume that for some m > n, we can find free ergodic pmp actions 
Fm © (X, u) and Fn ~ (Y, v) which are orbit equivalent. Let 0 : X — Y be an orbit equivalence. 
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If we consider the action Fn © (X, u) given by g-x = 071 (g - 0(x)), then Fm: 2 = Fn -2, for almost 
every x € X. Put R:= {(x,g-x) | £ € X,g € Fm}. Let by,...,b, € Fn be free generators. For every 
1<i<n and g E Fn, let Aig = {£ E X | bix =g- x}. 

Then R is the smallest equivalence relation on X containing U? {(x, a; x) | £ € X}, and thus the 
smallest equivalence on X containing U% 4 (Ugerm{(£,g9: £) | £ € Ai g}). Theorem implies that 


mY Y Mi) = 20> Mig) = S21 =2, 
i=1 


i=1 gEFm i=1 gEFm 


which contradicts that m > n. E 


15. SOLIDITY OF FREE GROUP FACTORS 


Theorem 15.1 (Ozawa, 2003). Let M = L(Fn), for some 2 < n < œœ. Then M is solid: for every 
diffuse von Neumann subalgebra A C M, the relative commutant A'N M is amenable. 


We present here Popa’s proof of this theorem based on his powerful deformation/rigidity 
theory. Let us first explain the deformation property of M that is used in the proof. 


For simplicity, we assume that n = 2. Denote by a1,a2,b1,b2 the generators of F4, and view 
F as the subgroup of F4 generated by a1,az. This gives an embedding of M into M = L(F4). 
We denote still by a a2,b1,b2 the corresponding unitaries in M. Consider the argument function 
Arg : T > [—7,7] and use Borel functional calculus to define hı = Arg(b1), ho = Arg(b2). Then 
hy € {b1}, ho € {bo}” are self-adjoint operators such that bı = exp(ihı) and bọ = exp(ihə). 
Moreover, for every t € R, we have that 


(15.1) T(exp(ithı)) = r(explith2)) = - [ exp(it@) dé = a 


-= 


For every t € R, we can define a trace preserving automorphism 6; of M by letting: 


(15.2) 6: (a1) = exp(ithi Jaz, 6: (a2) = exp(ithg)aa2, 64(b1) = by, 64 (b2) = bo. 


sin(zt) 


It is easy to see that limno ||as(£) — z||2 = 0, for all x € M. Denote p(t) = and notice that 
0 < p(t) < 1, for all t > 0. We leave it as an exercise to show that formula (15.1) implies that: 


Lemma 15.2. [ft € R, g € Fo, then Exy(ar(ug)) = p(t)!9lug. Here, |g| denotes the word length 
of g € Fə with respect to the generating set {a1, a2}. 


Corollary 15.3. Let (un) C U(M) be a sequence converging weakly to 0: T(unx) —> 0, for all 
xE M. Then limy+o ||Em(at(un))|l2 = 0, for all t > 0. 


Proof. Consider the Fourier expansion Un = } ger, T(Unug)Ug. Then by Lemma we get that 
Em (a¢(tn)) = Joer plt (unus Jug and thus |Em(a(un))ll = Jaer p(t) |7(un ue) |?. Thus, 


if N > 1 is an integer, then using that ) cp, |T(unug )|? = |jun||2 = 1, we get that 
Err (or (un) IZ X brung)? + oP SO |r(unug)? < SO rung)? + p(t)? 
[<N IgI2N lglSN 


Since the set {|g| < N} is finite and limp+o T (Ung) = 0, for all g € Fe, we conclude that 
lim supy_soo || Ea (at(un))||2 < p(t), for all N > 1. Since 0 < p(t) < 1, the conclusion follows. W 
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Lemma 15.4. The Hilbert M -bimodule L?(M) © L?(M) is isomorphic to an infinite multiple of the 
coarse M-bimodule, (L?(M)@L?(M))®~. Moreover, for every von Neumann subalgebra B C M, 
the Hilbert B-bimodule L?(M) © L?(M) is isomorphic to (L?(B)2L?(B))®~. 


Proof. Let S C F4 be the set of elements g € F2 whose reduced form begins and ends with a non- 
zero power of bı or bo. Since L?(M) e L?(M) = Pcs MugM, in order to prove the main assertion, 


it suffices to show that Mu,M = L?(M)®L?(M), as Hilbert M-bimodules, for any g € S. 


If g € S, then g~'Fog N F2 = {e}. Hence, r(usuntigtz) = 5g-1ng,k-? = Ôh,eðk e = T(Un)T (Uk), for all 


h,k € F2. This implies t(ujaugb) = T(a)r(b), for all a,b € M, and further that 


(rugy, ZUgt) = T(ugz rugyt”) = T(z"x)T(yt") = (x @ y, z @ t)r2(my@x2(mM); for all z,y,z,t€ M. 
Thus, £ &y ++ vugy extends to an isomorphism of Hilbert M-bimodules L?(M)®@L?(M) ~ Mu,M. 


If we let H = L?(M)®~, the main assertion implies that L?(M)OL?(M) = HOH, as M-bimodules. 
If B C M isa von Neumann subalgebra, then H is an infinite dimensional left (and right) B-module 
and thus it is isomorphic to L?(B)®~ as a left (and right) B-module. The moreover assertion is 
now immediate. E 


Proof of Theorem Denote B = A'AM. Since A is diffuse, we can find a sequence (uz), C U(A) 
which converges weakly to 0. Indeed, since A is diffuse, by Exercise|8.8]and Corollary [8.6]it contans 
a copy of L ([0,1]). If up € U(L™((0, 1])) is given by ug(x) = exp(2rikx), then ug — 0 weakly. 


Put tn = 1/2”, for every n > 1. By Corollary we can find a subsequence (Vn)n of (uk)k such 
that limno | Em (at, (Vn) )ll2 = 0. Define £n := az, (Un) — Em (at, (Un)). We claim that 


(15.3) lim I[z, €n]|l2 = 0, for every z € B, 
(15.4) lim (t€n,€n) = T(x), for every z € M. 


If x € B, then by using that |x, vn] = 0 for all n and that az! = œ, we get that 


lllz, &n]ll2 = IIe, etn (Vn)] — Em ([x, ot, (Yn) D Ile 
< 2I|[x, a4, (Un) ll2 
= 2||[a-+,, (£), vn]|l2 
= 2||[a-+, (£) — z, Un]|l2 
< 2\la_z, (x) — zllo. 


Since limo ||az(x) — 2||2 = 0, equation (15.3) follows. Since limp +. || Em (at, (Un) |l2 = 0, we get 
that limp—co(tEn, En) = limp+oo (xt, (Un), Otn (Un)) = T(x), for every x € M, which proves (15.4). 


We are now ready to prove that B is amenable. Since €n € M and Em (En) = 0, we can view £n as 
a vector in L?(M) © L?(M). Formulae and assert that €, are B-almost central and 
almost tracial. By Lemma we have that L?(M)©L?(M) is isomorphic to L?(B)@K as a Hilbert 
B-bimodule, where K = L*(B)®~. Denote by J : K — K the involution given by J(@b;) = Sb}. 
Then for every x € B, JaJ € B(K) is the right multiplication operator by 2*. 


Let w be a free ultrafilter on N, and define a state ® : B(L?(B)) > C by letting 


S(T) = lim ((T 8 lx )En.€n), for every T € B(L*(B)). 
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Then implies that ®3 = 7. Moreover, if x € B and T € B(L?(B)), by using we get 
P(T) © ((xT 8 Idx )En, En) 
= ((T @ Idx En, (2* @ Idx) En) 
~ ((T 8 Idx )En, (Idz2(B) ® JtJ)En) 
x (T® Idx) (Idz2(B) cee ica By cee En) 
~ (( 
= (( 


T8 Idx) (x & Idk En; En) 
Tz ® Idk )én, En) 
x (Tzr), 
where we write £n © Yn to mean that lim, +.(%n — Yn) = 0. 


This shows that B is amenable and finishes the proof. a 
Exercise 15.5. Let (M1, 71) and (Mo, 72) be tracial von Neumann algebras. 


(1) Prove that M,®Mg is a tracial von Neumann algebra. 
(2) Prove that if Mı and Mz are amenable, then M,®Mp2 is amenable. 


Exercise 15.6. Let M be a solid I], factor. Prove that if M is not amenable, then M is prime, 
i.e., it cannot be written as a tensor product M = M,®Mb, for some II; factors Mı and Mp. 


REFERENCES 


AP18] C. Anantharaman, S. Popa: An introduction to Ih factors. 

Co75] A. Connes, Classification of injective factors, Ann. of Math. 74 (1976), 73-115. 

Co99] J. B. Conway: A course in operator theory, Graduate Studies in Mathematics, Volume 21, AMS, 1999. 
Fo99] G.B. Folland: Real Analysis: Modern techniques and their applications (second edition), John Wiley, 1999. 
Ke95] A. S. Kechris: Classical descriptive set theory, Graduate Texts in Mathematics, 156. Springer-Verlag, New 
York, 1995. xviii+402 pp. 

KR97] R. Kadison, J.R. Ringrose: Fundamental of the theory of operator algebras, Graduate Studies in Mathematics, 
Volume 16, AMS, 1997. 

MvN43] F. Murray, J. von Neumann: Rings of operators, IV. Ann. of Math. 44 (1943), 716-808. 

Oz03] N. Ozawa: Solid von Neumann algebras, Acta Math. 192 (2004), 111-117. 

Po06] S. Popa: On Ozawa’s property for free group factors, Int. Math. Res. Not. IMRN 2007. 


Email address: aioana@ucsd.edu 


